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Abstract:

In this work, we give the relationship between the alterne tensor det € J7( L}) which is the volume element of LY and the
symmetric tensor inner product on LY.
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1. INTRODUCTION

An important idea underlying general relativity is that space-time which may be described as a curved four-dimensional
mathematical structure called a pseudo-Riemannian manifold. A Lorentzian manifold LT is a special case of a pseudo-
Riemannian manifold in which the signature of metric is (7,n-1). We need to study on vectors , one-forms and tensors to
explain cross product on vectors in L} .

Vectors, One-Forms and Tensors

A vector is a quantitiy with a magnitude and a direction. This primitive concept, familiar from undergraduate physics and
mathematics, applies equally in general relativity. An example of a vector is d¥, the difference vector between two
infinitesimally close points of space-time .Vectors form a linear algebra. This is valid for vectors in a curved four-
dimensional space-time as they are vectors in three-dimensional Euclidean space. A one-form is defined as a linear scalar
function of a vector. That is, a one-form takes a vector as input and outputs a scalar. For the one-form P, 13(17) is also
called the scalar product and denoted 13(17) =< P, V >. The one-form is a linear function. We may associate a one-form
with a space-time point, resulting in a one-form field P = Py.

Py is a one-form at point x while ﬁ(rf) is a scalar, defined implicitily at point x. One-forms obey their own linear algebra
distinct from that of vectors. Vectors and one-forms are linear operators on each other, producing scalars. It is often helpful
to consider a vector as being a linear scalar function of a one-form. The vector space of one-forms is called the dual vector
(or cotangent) space to distinguish it from the linear space of vectors (tangent space).[1]

Definition1.1 If V is a vector space over R we will denote the k-fold product V x ... x V by V. A multilinear function
T:V* — Ris called a k-tensor on V and the set of all k-tensors, denoted J* (), becomes a vector space over R .
Definition1.2 If for S,T € J¥(V) and a € R we define

S +T) Wy, oo, v,) =SWy, w0 ,vg) + T(Vq, oo, V)
(@S)(wq, . ,v) = aS(vq, o , V)

If S€J*WV)and T € J'(V) we define the tensor product SQT € J**'(V) by

S®T(171, e 3 Uk Vker 1y "'!vk+l) = S(Ul, ey Uk) T(vk+1, !vk+l)

Definition 1.3: If f:V — W is a linear transformation, a linear transformation £*: J*(W) — J¥(V) is defined by

Ty, e, v) =T(F@), o, f(Wy)) for T € J*(W)and vy, ... , vy € V.

There are well known tensors aside from members of dual space V*. The inner product <, >€ J?(R™) is the first example.
The usual inner product on R™ is symmetric and positive definite 2-tensor. Despite its importance the inner product plays
for lesser role than another familiar function, the tensor det € J*( R™) which is alternating n- tensor. We denote

alternating k-tensors on V by A¥(V) which has dimension (Z) = k'(:ik)l where n is the dimension of V. If n = k then

A*(V) has dimension 1.Thus all alternating n-tensors on V' are multiples of any non-zero one. Since the determinant is
an example of such a member of A™*(R"™).

2. PRELIMINARIES

Theorem 2.1 Let vy,..,v, be a basis for V and let w € A*(V). If w; =37, a;v; are n vectors in V then
w(wy, ..., w,) = det (a;;) w(wy, ..., w,). An orientation for V is depend on the sign of det A. If an orientation y for V
has been given, it follows that there is a unique w € A™*(V) such that w(vy, ... ,v,) = 1 whenever vy, ..., v, is an
orthonormal basis such that [vy, ... ,v,] = p. This unique w is called the voliime element of V, determined by the inner
product T and orientation . Note that det is the volume element of R™ determined by the usual inner product and usual
orientation, and that |det (v, ... , 1,,)| is the volume of the parallelpiped spanned by the line segments from O to each
V1) e U
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If vy, .., v,_1 € R" and ¢ is defined by
U1
¢(w) = det ' then ¢ € AY(R") ; therefore there is a unique z € R™ such that
Un-1
w
U1
<w,z>=¢(w)=det " |. This zis denoted v; X ... X v,_; and called the cross product of vy, ... ,v,,_;
Un-1
w

In the case of two vectors vy, v, € R3

U1
<w,z>=¢(w)=det (vz)
w
< w,Z > = w1Zq + WyZy + W3Z3

v Vi1 Viz Vi3

1 V12 Vi3 Vi1 Vi3 V11 V12
det|v, | = (V21 V22 V23| = w, v .|~ @2y v 3|y v

P W, W, ws 22 Va3 21 V23 21 V22

Zy = V1pVs3 — UppViz s Zp = VpqVi3 — V11V23 . Z3 = Vi1Vpp — V12V,1 Which means
z=1(21,23,23) = vy X 1,

In the case of one vector v; € R?
< w,z>=wZ, + w2z,
V1 Vi1 V12 .
det (w) = W (U2| = (4)21711 - (4)11712 =4 Zy = _vlz and Zy = vll Wthh means
1

z = (—vqp,V11) ISV; X

In the case of three vector vy, v,, v; € R*

< w,Z > = w1Zq + WyZy + w323 + WyZy

v, Vi1 Viz Viz Vs
det| V2 | = V21 V22 V23 Vs
V3 V31 V32 V33 Vsg
w W, Wy W3 Wy

= —w1|Var| + @2 |Vaz| — w3|Vas| + walVasl
zy = —|Vau|l 2z = Vaol 23 = —|Vy3| 24 = V44| which means
z = (21,24,23,24) = V3 X Uy X Vg .
By similar way if w € A™(V) is a volume element we can define a ” cross product” v; X ... X v,,_{ interms of w.  [2]
Definition 2.1 Let L3 be the three dimensional Lorentz-Minkowski space, that is the real vector space R® endowed with

the Lorentzian metric <, >, given by <,>; = dx? + dx2 — dx? where (x;, x,, x3) are the canonical coordinates of
R3. Associated to that metric one has the cross product of two vectors v,, v, € L3 given by

V1 X Uy = (V12Vp3 — VoaVi3 , V21V13 — Vi1Va3, V2112 — V11V22) - [3]
We can get the same result by using the method in [2]. Similarly cross product could be defined for one vector v, € L2
and three vectors vy, v,, v € L.

In general n — 1 vectors vy, ..., v,_1 € LY.
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3. CROSS PRODUCT OF VECTORS IN L™

V1
Theorem 3.1 If v;,v, € L3 and ¢ is defined by ¢(w) = det (vz) and ¢ € A(L3) they there is a unique z € L3 such
w
V1
that < w,z >, = p(w) = det <v2> this z is denoted v, X, v, and called the cross product of v, v,.
)
V1
Proof: Let v;, v, € L3 and ¢ is defined by ¢(w) = det <v2> where
)
@ €N(L3) forze L3 wehave < w,z > = w2z, + Wz, — w323 and
Vi1 Vig U
V1 _ e s _ V12 Vi3 Vi1 Vi3 Vi1 V12
det|{v, | = (V21 V22 V23 =wq |, v | @2 |y v 3|y v
P 0, @, s 22 V23 21 V23 21 V22
121 Z1 = V12V23 — V22V13
<w,z>, =det (v2> = Z; = VU1V13 — V11V23
w Z3 = V1V12 — V11V12

It is clear that z = (2, z,, z3) is the unique element that satisfies the equation and by [2] it is the cross product of
v,and v,

Result 1: In the case of one vector v, € L2 ;

< w,Z >L = W1Z1 — WyZy

U1
det (w)

zZ = (_UIZ! _1711) is 121 X.

V12
w3

V11

= 1w | = W,V — WV, = Z; = —Vy, and z, = —v;; Which means
1

Result 2: In the case of three vectors v,, v,, v5 € L} ;

< w,Z >L = w1z + Wy Zy + 0)323 — WyZy

v, Vi1 Viz Viz Vs
V21 V22 V23 Vpg
det| V2 | =
V3 V31 V32 V33 Vsg
w W1 Wy W3 Wy
7y ==Vl 25 =Vaol 23 =—|Vasl 24 = —|Vy4| which means

z = (24,24,23,24) = Uy X[, Uy X[, Us.

Result 3: Similarly in the case of n — 1 vectors vy, ..., v,,_; € L} ; one can define a cross product v; X, ... X, v,_; in
terms of w.
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