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Abstract

This study aims to recognizing the role played by differential and normal equations loop and their methods of solution if
they are linear or non-linear, their class, and if they are of constant or variable coefficient .The study also aims to study
the concept and development implementation of differential equations and their increasing importance in all scientific
fields and their some applications. We followed in this study the mathematical deductive and inductive by using Runga -
Kutta method by a new mathematical technique . We found the some following results:.. Runga - Kutta's method in
general situation depends upon calculating inclination at the point x, and at many other points nearing x, then taking
the average of these inclinations and multiply it by h then adding the resulting value toY, in order to get the result
.Y, =Y, + K,,, Calculating relative error in Runga - Kutta's method from second and fourth order by knowing the
analytical solution . The high efficiency of using Runga - Kutta's methods in solving the initial value problem comes
through the numerical results obtained from the application of the methods and various examples.The new
mathematical technique which we used in this study its an easy and accurate method that reduces errors and provide
graphic solutions , so we recommended researcher to use it.
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1.INTRODUCTION:

On physics, we always are interested in how things move, it could be: in time, in position, or any other variable, the
important part is that we always want to know how are the changes, and that's described by a differential equation.
Newton's second law of motion, ma = f, is maybe one of the first differential equations written. This is a second order
equation, since the acceleration is the second time derivative of the particle position function. Second order differential
equations are more difficult to solve than first order equations. second order differential equations of a particular type:
those that are linear and have constant coefficients. Such equations are used widely in the modelling of physical
phenomena, for example, in the analysis of vibrating systems and the analysis of electrical circuits. The Rungekutta
method This method was developed by the German scientists Rang and Cotta. One of the advantages of this method is
to avoid the derivatives of the higher ranks that we used in Tyler's method, as this method has two types: Rungekutta of
the second rank. Rungekutta of the fourth rank. The fourth Runga - Kutta is more popular and widely used due to its
precise accuracy. Until now, we've been trying to understand how to give some instructions to the PC using C++, in this
presentation, we're going to study this instructions applied to an specific problem, in this case it will be: solve
differential equations. MATLAB (Matrix Laboratory): MATLAB is a platform for scientific calculation and high-level
programming which uses an interactive environment that allows you to conduct complex calculation tasks more
efficiently than with traditional languages, such as C, C++ and FORTRAN. It is the one of the most popular platforms
currently used in the sciences and engineering MATLAB is an interactive high-level technical computing environment
for algorithm development, data visualization, data analysis and numerical analysis. MATLAB is suitable for solving
problems involving technical calculations using optimized algorithms that are incorporated into easy to use commands.

2. Second order Ordinary Differential Equations:

2
An equation of the formaZTJZ' + b% + cy, where a, b and ¢ are constants, is called a linear second order differential
equation with constant coeffi cients. When the right-hand side of the differential equation is zero, it is referred to as a
homogeneous differential equation. When the right-hand side is not equal to zero it is referred to as a non-homogeneous
differential equation. There are numerous engineering examples of second order differential equations. [ 13, p473]

Definition(2.1):

A second order linear differential equation for the function y is

y+a; ()Y + ao(t)y = b(t) (2.1)

where a,, a4, b are given functions on the interval I c R The Eq. (2.1) above :
(i) is homogeneous iff the source b(t) = 0 forall t € R.

(ii) has constant coefficients iffa; and a, are constants.

(iii) has variable coefficients iff either a, ora, is not constant.

3. Homogeneous Second Order Linear Ordinary Differential Equations with Constant Coefficients:
A homogeneous 2nd order linear ode with constant coefficients is given by

ay'(x) + by'(x) + cy(x) =0 3.1
Here a # 0, b and c are given real constants.

b, c
y'(0 +~y'(0) +-y() =0
we can construct the general solution of (2.2) by finding two linearly independent solutions. Tofind a solution of , let us

try
y(x) = e
where A is a constant.
Differentiating, we obtain
yl(x) — Aelx

y'"(x) = A de?* = J2et*
Substituting into (3.1), we find that
ar?e’* + ble™ + ce?* =0
e[ar? + bA+c] =0
The ODE in (3.1) is satisfied for all x if
ar’+bi+c=0
We consider the following cases.

Case (3.1):h%2 — 4ac > 0
Now if b2 — 4ac > 0, then the quadratic equation in A has two distinct real solutions given by

—b + Vb2 — 4ac

A=A=—— ——
2a

—b — Vb2 — 4ac

A=ty =——

and we obtain two solutions of (3.1) as given by
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Since y,/y, = e?2* JeM* = eld2=Ml js not a constant as A; # A, , the two solutions y,and y, are linearly independent.
If b> — 4ac > 0 tells us the general solutionof (3.1) is given by

y = AeM* + Be’2*
where A and B are arbitrary constants and A, and A, are the two distinct real solutions of the quadratic equationaA? +
bA+c=0

Case (3.2): b2 —4ac =0
For this particular case, the quadratic equation aA® + b4+ ¢ = 0 has only one real solution given by 1 =14, =
—b/(2a). Hence, in seeking a solution of the formy = e** we obtain only one solution of (3.1), that is, y, = e~?*/(%),
To construct the general solution of (3.1), another solution which is linearly independent to y, is needed. To find
another solution, we let
y = u(x).eM*
where u(x) is a function to bedetermined Differentiating, we obtain
y' = Lu(x). eM* +u'(x).etr*
y'" = A 2u(x). eMF 4 20,u' (x). eMF 4 u' (x)etr*,
Substituting into (3.1), we find that
a[Ad, *u(x). eM* + 22,u' (x). eM* 4+ u'' (x)e?*] + b(/llu(x).e’llx + u’(x).e’llx) + cu(x)etM* =0
which may be rewritten as
[(ad,® + b2y + c)u(x) + 2Aa + )/ (x) + au”’ (x)]eM* = 0.
Since aA,* + bA, + ¢ =0 and 4, = —b/(2a) the equationabove reduces to
au” (x)eM* = 0.
Since a # 0 and e**we obtain the ordinary differential equations
u’(x)=0
A solution of this simple ordinary differential equations is u(x) = x. Summarizing, if
b? — 4ac = 0, two particular solutions of (2.2) are given by
y, = e—bx/(Za)and y, = xe—bx/(Za)
Since y,/y; = x (not a constant), the two solutions above are linearly independent. the required general solution of the
ODE isy = Ae™0*/(2@) 4 By, ¢=b*/(22)
where A and B are arbitrary constants.

Case (3.3): b2 —4ac < 0
For this case, the quadratic equationaA? + bA + ¢ = Odoes not have any real solutions. It has two distinct complex
solutions given by

_ b _{|b?—4ac|
A=k =gt
_ b _{Ib?—4ac|
A=do =g i

wherei = v—1.

If we ignore the fact thatd, andA,are complex and proceed as in Case | above, the general solution of (3.1) is given by
y = Ae™M* + Bet2¥

where A and B are arbitrary constants [25, p55-58]

4.Complementary Function and Particular Integral:

If in the differential equation
d?y dy
—Z 4+ p—=
o ) @ dxz * dx
the substitutiony = u + v is made then:

d*(u+ d(u+
a (u v)+b (u+v)

+ey =f(x) (4.1

+cu+v)=f(x)

dx? dx
Rearranging gives:
d2u+bdu+ N d2v+bdv+ 3
(a dx? dx cu) + (a dx? dx cv) = f(x)
If we let
LA 42
adx2 I cv = f(x 4.2)
Then
L 43
QW E cu = ( . )
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The general solution, u. of equation (4.3) will contain two unknown constants, as required for the general solution of
equation (4.1). The function u is called the complementary function (C.F.). If the particular solution, v, of equation
(4.2) can be determined without containing any unknown constants then y = u + vwill give the general solution of
equation (4.1). The function v is called the particular integral (P.1.). Hence the general solution of equation (4.1) is
given by:

y=CF.+P.L [13, p483]

5. Runga - Kutta's Method:
Fundamentally, all Runge Katta methods are generalizations of the basic Euler formula (5.1) of in that the slope
function fis replaced by a weighted average of slopes over the interval
X, < x < Xp4q. Thatis

Vi1 = Yn + h(wiky + woky + - = wikyn) (5.1
Here the weightsw;,i = 1,2,...,m,are constants that generally satisfyw; +w, +--+w,, =1, and each k;i=
1,2,..m,is the function fevaluated at a selected point (x,y)for which x, < x < x,,,,.We shall see that the k;are
defined recursively. The number m is called the order of the method. Observe that by taking m = 1,w; = 1,and k; =
f(xn, yn), We get the familiar Euler formulay,,.; = ynhf (x, y) Hence Euler's method is said to be a first-order
RungeKatta method. The average in (5.1) is not formed willy-nilly, but parameters are chosen so that (5.1) agrees with a
Taylor polynomial of degree m. As we saw in the preceding section, if a functiony(x) possesses k + 1 derivatives that
are continuous on an open interval containing aand xthen we can write

x (x — a)?

a x—a k+1
+y/ (@ gyt E

y(0) =y(@) +y' (@)=

k+1D)’
where ¢ is some number between a and x.If we replace a by x,, and x byx,.,; = x,, + h, then the foregoing formula
becomes
h2 k+1 ( )
— — ’ a1 k+1
Y1) =y + h) = yCe) + hy' () + 57 y" Ce) + - + CEEIEd (o),

where ¢ is now some number between x,, andx,_,When y(x) is a solution of y' = f(x,y) in the case k = 1 and the
remainder %hzy”(c) is small, we see that a Taylor polynomial y(x,, + 1) = y(x,,) + hy'(x,) of degree one agrees with
the approximation formula of Euler's method

Yn+1 = Yn t hy’n = Yn + hf (X, Yn)-

6.Second Runga - Kutta's Method:
To further illustrate (5.1), weconsider now a second-order RungeKatta procedure. This consists of findingconstants or
parameters w;, w,, @ and 8 so that the formula
Y1 = Yo + h(wWiky + wyky), (5.1)
Where k; = f(%n, V)
ko = f(xn + ah,y, + Bhk,),
agrees with a Taylor polynomial of degree two. For our purposes it suffices to say that this can be done whenever the
constants satisfy
wy+w, =1L, w,a = > and w,f = %(6.1)
This is an algebraic system of three equations in four unknowns and has infinitelymanysolutions:
w; =1—w,, a=i, and = ZLWZ' (6.2)
where w, # 0 the choice w, = %,yields wy = %,0{ = l,andB = 1,50 (5.1) becomes

| =

Yne1 =Yn t g (ky + k3),
Where
ki = f(xnyn) and  ky = f(xy + h,y, + hky).
Since x, + h = x,,4, and y,, + hk, = y, + hf (x,, y,), the foregoing result is rec-ognized to be the improved Euler's
method.[ 2,p345]

7.Fourth-Order Runga - Kutta's Method:
The fourth-order Runge-Kutta method is obtained from the Taylor series along the same lines as the second-order
method. Since the derivation is rather long and not very instructive, we skip it. The final form of the integration formula
again depends on thechoice of the parameters; that is, there is no unique Runge-Kutta fourth-order formula.The most
popular version, which is known simply as the Runga - Kutta's method, entailsthe following sequence of operations:

K; = hF(x,y)

K, = hF +h +K1
2 — (x Z’y 2)

K3 =hF(X+E,y+7)
K,=hF(x+hy+K;3)
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1
y(x +h) =)’(x)+g(K1+K2+K3+K4)

The main drawback of this method is that it does not lend itself to an estimate of the truncation error. Therefore, we
must guess the integration step size h, or determine it by trial and error. In contrast, the so-called adaptive methods can
evaluate the truncation error in each integration step and adjust the value of h accordingly (but at a higher cost of
computation).[ 12, p260]

8.Runga-Kutta Approximations for EquationsSubject to Initial Conditions:
The Runga - Kutta's method was introduced to approximate the solution to a first-order differential equation. It can also
be used to estimate the solution of a second order differential equation by expressing it as two first-order equations.

For
y'+ Py + 0@y =f(xyy") (8.1)

constrained by the initial conditions

y(x0) = Yo

y'(x) =¥o
we define the first-order differential equation for y(x)

y'(x) =wx) (8.2)

With this definition, the second order differential equation for y(x) given in eg. can be written as a first order equation
for w(x):
The initial conditions for y(x) become

y(x0) = ¥o

w(xo) = wo =y'o
The Runga - Kutta's method for solving a second order differential equation involves defining two sets of Runga-Kutta
parameters, R and S. With the values of y, and w, given by initial conditions, we determine the value of R,. With R,
we find S;. ThenS;, > R, => - =R, =S,
we begin with
Ry =y'(xo)h = w(xo)h
S1, the Runga -Kutta parameter for the first-order equation for w(x)given is
S1 = G(x0, Y0, Wo)h = [f (x0, Yo, Wo) — P(x0)wo — Q(x0)¥o]h
From these, we determine

1
RZ = <W0 +§Sl) h

and

1 1 1
Sz = G(xo +Eh,y0 +ER1,W0 +§Sl)h

1 1 1 1 1 1 1
= [f(xO +Eh,y0 +§R1,W0 +E.§1> _P<x0 +Eh> <W0 +§Sl) - Q(xo +Eh> (yo +ER1):|h

Then
1
R3 = <W0 +552>h
and
1 1 1
53 =G <x0 +Eh,y0 +§R2,W0 +ESz)h
1 1 1 1 1 1 1
= [f (xO + Eh,yo +ER2,W0 +ESZ> —P <x0 + Eh) <W0 +§Sz> - Q (xO +Eh> (yo +§R2>:| h
Then
Ry = (wp + S3)h

and

Sy = G(xo + h,yo + R3,wo + S3)h = [f(xo + h,¥o + R3,wo + S3) — P(xo + h)(wo + S3) — Q(x0 + ) (3o + R3)]h
From these parameters, we obtain

1
y) =y (o +h) =y + g[R1 + 2R, + 2R3 + Ry]
W) =y (g +h) = wo +2[S; +25, + 28, +S,]  [10, p273-274]
Example (8.1):

Runga -Kutta approximations for an equation subject to initialconditions
We again consider

y'—2xy —y=yle ™
subject to
y(0)=y,=1
y'(0)=wy=0

Volume-8 | Issue-12 | Dec, 2022 5



=1JRDO

IJRDO - Journal of Mathematics ISSN: 2455-9210

the solution to which is

y(x) = ¥’
From this solution, we have the exact values

y(0.50) = e©59% = 128403
and

w(0.50) = y'(0.50) = 2(0.50)e(*59” = 1.28403

The corresponding pair of first-order equations for ea. 7.6a are
y'(x) =w(x)
and
w' =y2e™ + 2xw +y

With x, =0 and h = 0.5, the R and S parameters are
Rl = Woh = 0

1, _(x0+1h)2 1 1 1
Sz =1[| Yo +§R1) e 27/ +2 (xo +Eh> (wo +§Sl> + (yo +§R1> h =1.09471

1
Ry = (wo + ESZ> h =0.27368

1 ., _(x0+1h)2 1 1 1
S3=1[{yo +5R2)%e 2') +2 (xo +§h) (wo + ESZ) + (yo + ERz) h = 1.29381

Su = [(Yo + Ra)?e™00™W* 4 2(xy + h)(wo + S5) + (o + Rs)| h = 1.91545
Then

1
y(0.50) = y, + g[R1 + 2R, + 2R; + R,] = 1.28238
and

1
w(0.50) = wo + 2 [Sy + 25, +25; + 5,] = 1.28208

To develop a multiple step Runga -Kutta process, we take h = 0.25 and apply the above process to find y(0.25) and
w(0.25) Then setting x, = 0.25 and y, = 0.25 and applying the Runge-Kutta method to find y(0.25)and w(0.25) we
obtain

y(0.25) = 1.28382
And
y(0.25) = 1.28378 [10, p275]

9.MATLAB(New Mathematical Technique):

is a powerful language for technical Computing The name MATLAB Stands for matrix laboratory because its basic data
element is matrix.MATLAB Can be used for math Computations modeling and simulation data analysis and processing
visualization and graphic and algorithm develpmcut.MATLAB is widely used in universities and colleges in
introduction and advanced courses in mathematics and especially engineering. MATLAB program has tools that. Can
be used be solve common problems. [1]

i.Solve Part Differential Equation with MATLAB:

The MATLARB partial differential equation solver pdepe initial boundary value problems for systems of Parabolic and
elliptic part differential equation in the one space variable and time . there must be at lead on parabolic equation in the
system. The pdepe solver converts the Pdf to ode using a second order accurate spatial discretization based on a set of
nodes specified by the use. [19]

ii.Finding Explicit Solutions:

MATLAB has an extensive library of functions for solving ordinary differential equations. In these notes, we will only
consider the most rudimentary.[11,p1]
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iii.First Order Equation:
Though MATLAB is primarily a numeric package, it can certainly solve straightforward differential equations
symbolically[11] Suppose, for example, that we want to solve the first order differential equation
y'(x) = xy.
We can use MATLAB’s built-in ( ).The input and output for solving this problem in MATLAB is given below.
>> vy = dsolve('Dy = y*x','x")
y = Clexp (1/2*x"2)
Notice in particular that MATLAB uses capital D to indicate the derivative and requires that the entire equation appear
in single quotes. MATLAB takes t to be the independent variable by default, so here must be explicitly specified as the
independent variable. Alternatively,if you are going to use the same equation a number of times, you might choose to
define it as a variable, eqn1
>> eqnl =’ Dy = y*x'
eqnl =
Dy =y=x*x
>> y = dsolve(eqnl, 'x")
y = Cl%exp (1/2*x"2)
To solve an initial value problem, say, equation () with y(1) = 1, use
>> y = dsolve(eqnl,’ y(1) = 1','x’

1
vy =1/exp (z) exp (1/2*x"2)
Or
>> nits =" y(1) = 1';
>> y = dsolve(eqn, inits, 'x")

1
vy =1/exp (z) exp (1/2*x"2)
Now we’ve solved the ODE, suppose we want to plot the solution to get a rough idea of its behavior. We run
immediately into two minor difficulties: (1) our expression fory(x) isn’t suited for array operations (.*,./,.") and (2) as
MATLAB returns it, is actually a symbol (a symbolic object). The first of these obstacles is straightforward to fix,
usingvectorize( ).

For the second, we employ the useful commandeval( ), , which evaluates or executes text strings that constitute valid
MATLAB commands. Hence, we can use
> linspace(0,1,20);
>> z = eval(vectorize(y));
>> plot(x, z)
You may notice a subtle point here, that evaluates strings (character arrays), and , as we have defined it, is a symbolic
object. However, vectorize converts symbolic objects into strings.

iv.Second and Higher Order Equations:
Suppose we want to solve and plot the solution to the second order equation
y"(x) +8y'(x) + 2y(x) = cos(x); y(0)=0,y'(0)=1
The following (more or less self-explanatory) MATLAB code suffices:
>>eqn2 =' D2y + 8"Dy + 2"y = cos(x)’;
>> inits2 =" y(0) = 0,Dy(0) = 1%;
>> y = dsolve(eqn2, inits2,'x")
y =
1/65%cos (x) + 8/65"sin (x) + (—1/130 4+ 53/1820 * 14"~ (1/2))*exp ((—4 + 14~(1/2))*x) — 1/1820 = (53
+ 147(1/2))*147(1/2) exp (—(4 + 147 (1/2))*x)
>> z = eval(vectorize(y));

>> plot(x, z) [11,p2-3]

10.Calculation of the Second order Ordinary Differential Equations Using Runga - Kutta's Method by A New
Mathematical Technique :
Example(10.1):
Using Runga - Kutta's method solve vy = xy'?2 —y? for x = 0.2 correct to 4 decimal places initial conditions
y(0)=1y'(0)=0
Solution:
h=02-0=0.2 ,Xo =0, Yo =1, yo=0

lety' =2z theny'y =2,=0

v =z=f(xy7z)

yll =ZI =.XZ2 _y2

z'=g(x,y,2) = xz? — y?
Ky = hf (x0,Y0,20) = 0.2(z5) = 0.2(0) = 0
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Ly = hg(xo,¥0,20) = hg(0,1,0) = 0.2((0)(0) — (1%)) = 0.2(=1) = —0.2

K, = hf (xo +5. Yot %0+ 7) = 0.2£(0.1,1,—0.1) = 0.2(—0.1) = —0.02
L, = hg (xo +5 Yot %+ 7) = hg(0.1,1,—0.1) = 0.2[(0.1)(—0.12) — 12] = —0.1998
h K. L
Ks = hf (xo +5.0 + 72,20 + 72) = hf(0.1,0.99,—0.999) = 0.2(—0.0999) = —0.01998 = —0.02

Ly = hg (xo +5. Yot %0 ?> =0.29(0.1,0.99, —0.0999) = —0.1958

K, = hF(x + h, yo + K3, 25 + L3) = 0.2(—0.1958) = —0.03916 = —0.0392

L, = hg(xg + h, yo + K3, 25 + L3) = 0.29(0.2,0.98, —0.1958) = —0.1905

1
y(x + h) = yo(x) +E(K1 + K, + K5 + K,)

1
k =2(0+2(-0.02) +2(-0.02) + 0.0392) = —0.0199
y =%, +1-0.0199 = 0.98 = 0.2
1 1
L ==Ly +2Ly +2L; + Ly) = 2 (=0.2 = 2(=0.1998) + 2(-0.1958) £ 0.1905) = ~0.1970

6
z=2y+L=0-0.1970
y' =z =-0.1970

Solution:
%y"'=x*y'"2-y"2
%let w"=x*w'2-w”"2 and w'=z

Clc

clear all

h=0.2;

t(1)=0;

z(1)=0;

w(1)=1;

f=0@(tw.z) (2);

g = @(t,w,z) (t*z/2-w"2);

forl =

1:40

L1 = h*g(t,w,2);

k1 = h*f(t,w,2);

L2 = h*g(t+h/2,w+k1/2,2+L1/2);
k2 = h*f(t+h/2,w+k1/2,z+L.1/2);
L3 = h*g(t+h/2,w+k2/2,2+L2/2);
k3 = h*f(t+h/2,w+k2/2,z+L.2/2);
L4 = h*g(t+h,w+k3,z+L3);

k4 = h*f(t+h,w+k3,z+L3);

7=7+(L1+2*L2+2*L3+L4)/6;
w=w+(k1+2*k2+2*k3+k4)/6;

t=t+h;

fprintf('i=%8.0f, t=%8.2f, w=%8.6f, z=%8.61\n", I, t,w,z)  plot(t,z,'-*r")
hold on
plot(t,w,-0b")

end

Results:

3,t= 0.60, w=0.833498, z=-0.508421
4,t= 0.80, w=0.722980, z=-0.587046
5,t= 1.00, w=0.602450, z=-0.609743
6,t= 1.20, w=0.481994, z=-0.588975
7,t= 1.40,w=0.368612, z=-0.541798
8,t= 1.60, w=0.266023, z=-0.483168
9,t= 1.80,w=0.175418, z=-0.423260
10,t= 2.00, w=0.096418, z=-0.367768
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11, t=
12, t=
13, t=
14, t=
15, t=
16, t=
17, t=
18, t=
19, t=
20, t=
21, t=
22,t=
23, t=
24, 1=
25, t=
26, t=
27, t=
28, t=
29, t=
30, t=
31, t=
32, t=
33, t=
34, t=
35, t=
36, t=
37, t=
38, t=
39, t=
40, t=

Results :

The possibility of solving the ordinary equations using Runga - Kutta's method by a new mathematical technique ,
reducing errors , speed and accuracy of the solution .
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