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Abstract. In this paper we study to solve the of additive (f#1; #2)-functional inequality with
three-variables and their Hyers-Ulam stability. First are investigated complex Banach spaces
with a fixed point method and last are investigated in complex Banach spaces with a direct
method. Then Hyers-Ulam stability of these equation are given and proven. These are the main
results of this paper.
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I. INTRODUCTION
Let X and Y be a normed spaces on the same field K, and f: X — Y. We use the notation -
for all the norm on both X and Y. In this paper, we investisgate additive (51, 52 )- functional
inequality when X be a real or complex normed space and Y a complex Banach spaces. We
solve and prove the Hyers-Ulam stability of forllowing additive (51, 52 )-functional
inequality

(5 - 1)

,Bl(f(a;—i-y—l—%) +f(.’II—’I —%) —2f(:1:))

Y

<

Y

+

B(f(e+y+3) - 1) —f(y+;))‘ (1.1)

We solve and prove the Hyers-Ulam stability of forllowing additive | p1|+| f1| <1.

Note that in the preliminaries we just recap some of the most essential properties for the
above problem and for the specific problem, please see the document. The HyersUlam
stability was first investigated for functional equation of Ulam in [28] concerning the stability
of group omomorphisms.

The functional equation

fix +y) =10 +1(y)
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is called the Cauchy equation. In particular, every solution of the Cauchy equation is said
to be an additive mapping. The Hyers [13] gave firts affirmative partial answer to the
equation of Ulam in Banachspaces. After that, Hyers’Theorem was generalized by Aoki[1]

additive mappings and by Rassias [26] for linear mappings considering an unbouned Cauchy
diffrence. Ageneralization of the Rassias theorem was obtained by Gavruta [10] by replacing

the unboundedCauchy difference by ageneral control function in the spirit of Rassias’
approach.The stability of quadratic functional equation was proved by Skof [27] for
mappingsf: X =Y, where X is a normed space and Y is a Banach space. Park [24],[ 25]

definedadditive y -functional inequalities and proved the HyersUlam stability of the additivey

-functional inequalities in Banach spaces and nonArchimedean Banach spaces. Thestability
problems of various functional equations have been extensively investigated by
a number of authors on the world. We recall a fundamental result in fixed point

theory.Recently, in [3],[4].[21].[22],[24],[25] the authors studied the Hyers-Ulam stability for

the following functional inequalities:

PR - fEEY — )| < [ 1O+ 5 - 51D — 5| (1)
L+ 2) = 5~ 55G2) _Hf("’;y e (O] K
Pe+y) = 1) = 1) < [p(2r (D) - £@) - 1) ‘ (14)
21 (“22) = £(@) ~ 1 )| < o (e +9) = 1) - () ‘ (1.5)
and
(5 () - () -
S O R R R GRS BT
(gt ) (=) () -0
< ,ﬁ(f(w;y —|—z) +f(“";“y _ 4) —Qf(“";y) _ Qf(z)) (1.7)
finaly
‘f(arw)—f(m)—f(y) < (B (f(z+9)+ S —y) 2/ ()
¥ ﬁz(zf(l;y)—f(-’ff)—f(y))H (18)
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in complex Banach spaces
In this paper, we solve and proved the Hyers-Ulam stability for (51, /42)-functional
inequalities (1.1), ie the (51, p2)-functional inequalities with three variables. Under suitable
assumptions on spaces X and Y , we will prove that the mappings satisfying the (51, 52)-
functional inequatilies (1.1). Thus, the results in this paper are generalization of those in
[3].[4],[14],[21] for (51,52)-functional inequatilies with three variables. The paper is
organized as followns:In section preliminarier we remind some basic notations in [3,7] such
as complete generalized metric space and Solutions of the inequalities.
Section 3: In this section, | use the method of the fixed to prove the Hyers-Ulam stability
of the addive (51,/52)- functional inequalities (1.1) when X be a real or complete normed
space and Y complex Banach space.
Section 4: In this section, | use the method of directly determining the solution for (1.1) when
X be areal or complete normed space and Y complex Banach space.

2. Preliminaries

2.1. Complete Generalized Metric Space And Solutions of The Equalities.
Theorem 2.1. Let X; d be a complete generalized metric space and let J: X - X be a
strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
X €X, either

d(Jn; n+1)=1
for all nonegative integers n or there exists a positive integer n0 such that

(1) d(J", J"*Y) < oo, Vn = no;

(2) The sequence {J “:1:} converges to a fived point y* of J;

(3) y* is the unique fized point of J in the set Y = {-y € X|d(J”, J”‘“) < oo};
(4) d(y,y") < 75d(y. Jy) Yy e Y

2.2. Solutions of the inequalities. The functional equation
f(x +y) = f(x) + 1(y)

is called the Cauchuy equation. In particular, every solution of the cauchuy equation is
said to be an additive mapping.
3. Establish The Solution of The Additive (#1; 2)-Function Inequalities Using a Fixed
Point Method
Now, we first study the solutions of (1.1). Note that for these inequalities, when X be
a real or complete normed space and Y complex Banach space
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Lemma 3.1. A mapping [ : X — Y satisfies f(O) =0 and

2 (S5 +3) — 1@ - F(v+3)

Y

<

2

a(r(e v+ D) = 1@ - 1(s+2))

for all z,y,2€ X if and only if f:X — Y is additive Y
Cettngy e A v g
24(3) ~1(2)] =0
1(5) -2/

for all z € X It follows from (3.1) and (3.2) that
(eeved)=s =1 3)
=5+ 1) 0 b)),
< |pUerv ) +r(emv-3) ~20)|
# | (rrr3) =160 = (r+3))

and so Y

(=[G rv3) =0 =1+ 3)|
< g, f(.ac+y+§) +f(.q:—¢ —g) —2f(2) )

Lettingu =r+y+ 5, v =2 —y — 3 in (3.4), we get
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an

o) o)

| r(0) + 1) 2125

<

for all u,v € X

and so

(=)o) e) 204 Y
F(ore) =1(w) =4 ()
for all u,v € X It follows from (3.4) and (3.5) that

(=[]

< ‘)81‘

Y

B2

2

f(x-&—y-i—i) —f(a:)-i—f(y—l—%)

2
<

A

(e 3) 100 5(0+3)

Since\/ﬁﬁl + |G <1

and so
0

S re5) =10 =1 (u+3)

. for all z,y,z € X. Thus f is additive.

(3.5)

(3.6)

Theorem 3.2. suppose ¢ : X3 — [O,oo) be a function such that there exists an L < 1

with
L

xr Yy z
@(5515) S 5%0(1':3};2)

forall x,y, 2z € X. Give f : X — Y be a mapping satisfy f(O) =0 and

2f(5+3) 10 =+ 3)
Y

<

5 (7o 04 5) 1o-0-3) -2r0a)

Y

+(z.y,2)
Y

+

(v ) -0 -1+ 3)

for all x,y, z € X.
Then there exists a unique mapping H : X — Y such that

[r@) - H@)|, < 72700

forallz € X
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Proof. Letting y = z = 0 in (3.9), we get

24(2) - 109

< ¢(,0,0) (3.11)
Y

for all z € X.
Consider the set

S = {h:X—»Y,h(O) =0}
and introduce the generalized metric on S:

d(g.h) = inf{reR: : g(2) - h(z) | < Ap(2,0,0), vz € X},

where, as usual, inf¢ = +oo. It easy to show that (S,d) is complete (366[16]) Now we
cosider the linear mapping J : S — S such that

Jg(z) = Zg(g)

for all z € X. Let g,h € S be given such that d(g, h) = ¢ then

9(x) = h(z)

= GLP(Q% 07 07)

for all z € X.
Hence

HJg(:c) _th(x)H —

u(3) -1

< 26§¢(I,0, O) < Lecp(x, 0, ())

< 2eso(§,0, 0)

for all x € X. So d(g, h) = € implies that d(Jg, Jh) < L - e. This means that
d(Jg, Jh) < Ld(g, h)

for all g,h € X .It follows from (3) that d(f.Jf) < 1. Follow Theorem 1.1, there exists a
mapping H : X — Y satifying the following:

(1) H is a fixed point of J, ie.,
z
H(x) =2H(3) (3.12)
for all x € X. The mapping H is a unique fixed point J in the set

M={g€§:d(f,g)<oo}

This implies that H is a unique mapping satisfying (3.12) such that there exists a
AE (O, oo) satisfying

|7(2) - H(@)|| < xe(2,0,0)
forall x € X
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(2) d(eﬂf, H) — 0 as [ — oo. This implies equality
. n € )

fin 2'7 () = ()

for all z € X
(3) d(f, H) < ﬁd(f, Jf) which implies

Hf(f) — H(m)H < %fp(:ﬁ, 0,0)

for all z € X. It follows (3.8) and (3.9) that

2H($;y+§) —H(ac)—H(y-l—%)

Y

(5 + ) ()~ 13+ )|
Y
() (5 ) 205 )|

r+y z 7] z ) n r oy =z
f( on +2n+1)+f(2n) f(27+2n+1) Y+hm2"9(_ _‘_)

= lim 2"
n—oo

< lim 2"|3
n—00

B2

n—oeo 271’ an’ on

(n(evn)

+ lim 2"

ﬁl(H(zl?+y+%)+H(m—y—§)—2H )H +‘
a0,

for all z,y,z € X. So

2 () - i)~ 2+ )]

ﬁl(H(az—l-y-l-%)—l-H(x—y—%)—2H(a:))

Y

(o re3) - -n(r+3))|

for all z,y,2 € X. By Lemma 3.1, the mapping H : X — Y is additive.

O

Theorem 3.3. Let ¢ : X? — [0? oo) be a function such that there exists an L < 1 with

p(r,y,2) < QL@(; g ;) (3.13)
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forallz,y,z € X. Let f : X — Y be a mapping satisfy f(0) =0 and

2 (S5t +3) -~ 1@ v+ 3)

Y

c[atsterse e stes-)-ara)
Y
+ ﬁg(f<:r+y+%)—f(x)—f(y+§)> + ¢(z,y, 2) (3.14)
Y
for all x,y, z € X.
Then there exists a unique mapping H : X — Y such that
L
Hf(x) - H(w)HY < mgp(:c, 0,0) (3.15)
forallz e X
Proof. Letting y = z =0 in (3.14), we get
|27G5) - 1@, < e(=.0,0) (3.16)
and so
Hf(x) = %f(Q:L') < %@(Qx,O, 0) < Lp(x,0,0) (3.17)
Y
for all x € X.

Let (S, d) be the generalized metric space defined in the proof of Theorem 3.2
Now we consider the mapping J : S — S such that

1
Jg(a:) = 59(21’)

for all x € X.

It follows (3.17) that d(f,J ) < 3¢(22,0,0) < Li(2,0,0). So

for all x € X.
The rest of the proof is similar to proof of Theorem 3.2. O

From proving the theorems we have consequences:

Corollary 3.4. Let r > 1 and 0 be nonnegative real numbers and let f : X — Y be a
mapping satisfy f(O) =0 and
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USRI

Y
<|B(f(z+y+3) +f(z—y-3) —2/(x))
Y
2 z . . ;
(e rue3) = 1@ = (o 3)| ol + ol + 1)
‘ (3.18)
forall z,y,z € X.
Then there exists a unique mapping H : X — Y such that
2"0 .
[#@) - H ()|, < =50l (3.19)

for all x € X

Corollary 3.5. Let r < 1 and 6 be nonnegative real numbers and let f: X — Y be a
mapping satisfy f(O) =0 and

2 (FFE+7) @)~ v+ 3)

Y

w(r(erre ) e (emv-3) - 20)|

<

z < L T T
| (r(z+y+2) = 1@ = r(y+ D)) +0(llall + ol + [1=]")
! (3.20)
forall z,y, z € X.
Then there exists a unique mapping H : X — Y such that
2"f r
|#@) - 1@, < 5=l 321

forallz e X

4. Establish The Solution of The Additive (#1; £2)-Function Inequalities
Using A Aireect Method

Next, we study the solutions of (1.1) . Note that for these inequalities, when X be a
real or complete normed space and Y complex Banach space.

Theorem 4.1. Let ¢ : X* — [0, oo) be a function such that

i Y E
ZQ ¢<2j,2j,2j) < 00 (4.1)

Jj=1

and let f: X — Y be a mapping f(()) =0 and

P (x, Y, z) :
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2 (55 +5) - @) -1 (v+3)

2
Y
<t ea-5) -2
Y
+ ﬁg(f(:c+y+§)—f(x)—f(y+§>> + p(z,y, 2) (4.2)

forall x,y,z € X.
Then there exists a unique additive mapping H : X — Y such that

|#@) - # @), < o(x0.0) (4.3)
forallz e X

Proof. Let y = z =0 in (4.9), we get

i(3) - s, = e ”
for all z € X. So
Hf(l") - Qf(;) < ¢(z,0,0) (4.5)
Y
for all x € X. Hence
#f(3) -2 ()
Y

S HORSIED
J= Y
< THQ%(%,O, 0) (4.6)

l

J
for all nonnegative integers m and ! with m > [ and all x € X. It follows from (4.6)that
the sequence {2” f (;—)} is a Cauchy sequence for all z € X. Since Y is complete, the

sequence {2” Vi (%)} coverges. So one can define the mapping H : X — Y by

H(z) := lim if(2”x> (4.7)

n—oo 2N

It follows from (4.1) and (4.9) that
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Theorem 4.2. Let ¢ : X° — |0,00) be a function such that

’l/J(ZL',y,Z) = Z %(p(?jl', 27y, sz) < 00 (4.10)

J=1

and let f: X — Y be a mapping f(0) =0 and

T+

(7 +5) S0 - i)

Y

o - |
+ ﬁg(f(ac—i-y-l-g)—f(x)—f(y—l-%)) + (2, y,2) (4.11)
'
forall z,y,z € X.
Then there exists a unique additive mapping H : X — Y such that
|#@) - @), <v(w.00) (4.12)
forallz e X
Proof. Let y =2z =01n (4.11), we get
Hzf(g) - (@), < 90(517,0,0) (4.13)
for all x € X. So
Hf(ac) - %f(Qa:) < %90(23:, 0,0) (4.14)
for all x € X. Hence .
! () = 3t (27)
Y
mo1 . | .
S i) - )|
< T:_: Zj%cp(zjx,o,o) (4.15)

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (4.15)that
the sequence {2%1 f (2”3:‘)} is a Cauchy sequence for all z € X. Since Y is complete, the

sequence {an f (Q”x)} coverges. So one can define the mapping H : X — Y by

1
H(x) = lim o f(2"x) (4.16)
x € X. The rest of the proof is similar to the proof of Theorem 4.1. 0J
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21 (S + )~ H(r) - H(y+2)

Tty z x y z
Qf( 2n+1 + 2n+2) o f(%) o f(% + 2n+1)
bl
St ge) (5 ) 4 (5)
f( omn +2n+1 +f omn In+1 Z'f omn
Stz (7)1 (5 )
f( on + 2n+1 + f on f omn + 2-n+1 Y

;’J’l(H(:r:—i-y-l-%) +H(.’1:—,?;—§)—2H(a:))

= lim 2"

n—oo

< lim 2"

n—oo

B

Y

+ Jim 2 (0 900 37)

n—oo

+ lim 2"

n—oo

32

+ ﬁg(H(x+y+%)—H(m)—H(y+g)) Y Y (4.8)
for all z,y, 2 € X. So
mq$;y+z)-ﬂw)_ﬂ@+;)L
ESﬁ(H@wy+g)+H@—y—%)—ﬂﬂﬂ)Y
+ ,82(H(9:+y+§)—H(m)—H(y+§)) Y (4.9)

Z VA
H(ety+g) =) = H(y+3) =0
for all z,y,z € X. By Lemma 3.1, the mapping H : X — Y is additive.

Now, let T": X — Y be another additive mapping satisfving (4.3). Then we have

log :1:)_ p (:t,)
2 (2‘1 2 29
Y
L{

q E) _9a (3)
= | H(Qq 2 24
¥
< 2q+1w(i, 0, 0)
"\ 59
which tends to zero as ¢ — oo for all x € X. So we can conclude that H (33) = T(a:) for
all z € X. This proves the uniqueness of H. [

Wﬂﬂ—T@)

Y

+ 7 () -7 (3)
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Corollary 4.3. Let r > 1 and 0 be nonnegative real numbers and let f : X — Y be a
mapping satisfy f(O) =0 and

r+y =z z
2/(*5 *z)*f@*f(y*i)‘
Y
2 z
< 51<f(:c+y+§) —i—f(;v—y— 5) —2f(;c)> )
z z r r r
+ 62(,f(a:+y+ 5) — f(z) —f(y+ 5)) Y+0(||:c|| +wl"+ Izl
(4.17)
for all x,y,z € X.
Then there exists a unique mapping H : X — Y such that
2"0 7
|f@ -H@)|, < 5=5le (4.18)

for all x € X

Corollary 4.4. Let r < 1 and 6 be nonnegative real numbers and let f : X — Y be a
mapping satisfy f(O) =0 and

2f (5 +3) 1@ = 1(v+3)
Y
<|Bi(f(e+y+3) +F(a-y-3) -2f(x))
Y
+ ,Bg(f(:z: +y+ %) — f(z) - f(y+ %)) + 9<||.7:||T +|ly]|” + ||z||")
! (4.19)
forall z,y, z € X.
Then there exists a unique mapping H : X — Y such that
|£@) - )|, < 22_7921_||:c ' (4.20)

forallx € X

5. Conclusion
In this paper, | have shown that the solutions of the g1, f2-functional inequalities are
additive mappings. The Hyers-Ulam stability for these given from theorems. These are
the main results of the paper , which are the generalization of the results [3,4,14, 21] .
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