=iJRDO

IJRDO - Journal of Mathematics ISSN: 2455-9210

Modified Adomian Decomposition Method

for Solving Fractional Singular Boundary

Value Problems of Higher-Order Ordinary
Differential Equations

Zainab Ali Abdu AL-Rabahi?, Yahya Qaid Hasan'
L2Department of Mathematics
Sheba Region University, Yemen
22ali55924@gmail.com; 'yahya217@yahoo.com

December 14, 2020

Abstract

This paper is an attempt to solve fractional singular boundary
value problems of higher-order ordinary differential equations by for-
mulating a new modification of the Adomian decomposition method
(MADM). The proposed method can be applied to both to linear and
nonlinear problems. Therefore, it is tested with some examples and
the obtained results were noticed to approximate the exact solutions.
It can be concluded that this formulated modification of ADM is effi-
cient and reliable to solve such kinds of problems.

1 Introduction

Fractional differential equations are essential in numerous fields like fluid
mechanics, biology, physics, engineering and electrical networks [1,2].

The decomposition method has been proven to be effective easy and ac-
curate method to solve many types of equations; linear, nonlinear, ordi-
nary, partial, deterministic or stochastic differential equations as in [3-5,9-15].
Many researchers found that this method arrives at approximate solutions
which converge rapidly to accurate solutions. The aim of this work is to
present a new reliable modification of Adomian decomposition method. For
this reason, a new differential operator is proposed which can be used for
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singular boundary value problem. In this paper, we find solutions without
massive computations and restrictive assumptions which change the physics
problem into a mathematically tractable problem. This method is easier
than the traditional methods. The theoretical treatment of the convergence
of Adomian method has been investigated in[6-8,16].

2 Fractional Adomian decomposition method

Suppose the singular boundary value problem (SVP) of (an + «) order ordi-
nary differential equation in the form

Dty + =Dy + Ny = f(x), (1)

y(0) = by, D2y (0) = by, ..., D"y (0) = b,_1,y(c) = b,

where N is a nonlinear differential operator of order less than n, f(x) is
given function and bg; by;...b,_1, b, ¢ are given constants.
We suggest the new differential operator, as below

dom da
L ) = - at+an—am am—an . 2
(1) = a7 agerenman Tgemoan( ), @)

where m < n,n > a,0 < a < 1, the problem (1) can be written as

Loy = f(x) = Ny. (3)

The L~! is therefor considered n + 1 -fold integral operator, as below

LY(.) = gom—om /x goTontam /z /x /x z®()dzdx®...dx®,  (4)
c 0 Jo 0
Applying L' on (3), we have
y(w) = o(x) + L' f(z) = L' Ny, (5)

where

La(o(z)) = 0.

The ADM represent the solution y(x) and the non-linear function Ny by
infinite series

y(z) = f: al2), (6)

and
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Ny = Z A, (7)
n=0

where the components y,(x) of the solution y(z) will be determined re-
currently by algorithm [9,13].

A, are the Adomain polynomials, which are obtain formula the following
AO = Z(yO)a
A1 =12 (yo),

1
Ay =y Z' (yo) + ZJ%ZH(ZJO%
1
As = ysZ'(yo) + n1y2Z" (o) + ?Ji’gzm(%)a (8)

Substituting eq.(6) and eq.(7) into eq.(5), we have

Zyn =o(r)+ L, f 12Ana (9)

we get the components Yn can be specified as
yo = 0o(z) + L, f(2),
Ynt1 = LglAna n =0,
which gives
yo = o(z) + L' (),
= L' Ay,
- L;lAl,
= L' Ay, (10)

From (8) and (10), we find the components y,(z), and hence the series
solution of y(x) in (6) can be directly obtained. For numerical aim, the n—
term approximate

n—1
= Z Yk,
k=0

can be used to approximate the exact solution.
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3 Numerical Results

3.1 Example
Suppose the linear fractional (SVP)

DXy + I%Dg‘y = —z2% Pcosz — (2a — p)x~Psinx, (11)

y(0) = 0,y(1) = cos1,

where

SO

rewrite Eq.(11) as
Loy = —a2% Pcosx — (2a0 — p)x~Psin,
Take L' to both ides above Eq., we have
y = 2% Pcosl + L (—a® Pcosz — (2o — p)x~Psinx),

xX X
= 2% Pcosl + a:“*p/ x’mﬂ)/ x¥(—x* Peosx — (2a — p)x~Psinx)dx“dx”,
1 0

implies
y(r) = 2 Pcosl — % Pcosl + x* Pcosx = % Pcosw,

when put o = 1, [17] and so, the right solution is too easily get by this
manner.

3.2 Example

Consider the non-linear boundary value problem:

a Ao
DXy — —D%y = v 12
v YT ey = e (12)
«Q 4o
y(0) = In(—),y(1) = In(—),
4 5)
applying i i
Lo() = 27— —272%(),
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and - -
L) :x2a/ x_30‘/ z®(.)dz®dz®,
1 0
in an operator form Eq.(12), we have

4o
Lyy=——-2¢", 1
Y 4 + :L'ro € ( 3)

putting L' on both sides of Eq.(13), we get

2
_ 20 -1 ar
y =y(0) + (y(1) +y(0))a™ + 4L ——ze”,
By MADM [9], we have
a
Yo = Ln(Z)u
4oy ar?®
— In(— 20 4L—17
Y1 n( 5 )x + e} 4+$2a 05
Oél'Qa
wal = 4L A, n > 1.
Yn+1 a g + 220 , =2

Then
Y1 = —0.0289294a2°+0.031250:21 —0.002604170z5+0.000325521 ax® —0.000048828 1 v ?,
Yo = 0.002988202>—0.01050300:°4-0.00065100v54+0.0000326 00 '° +2.7126 73610 S v 2,
this means that the solution in a series form is given by

Y="Yo+ 1+

Table 1. Compare between the exact solution with the
approximate MADM in [0,1].

x | Approximate solution MADM | Exact Error
a=1, a=0.99 a=1 | Ygz — Ymapm

0.0 -1.38629, -1.39634 -1.38629 0.00000
0.1 -1.38881, -1.39896 -1.38879 0.00002
0.2 -1.39633, -1.406776 -1.39624 0.00009
0.3 -1.40873, -1.419660 -1.40854 0.00016
0.4 -1.42584, -1.437460 -1.42552 0.00032
0.5 -1.44740, -1.459910 -1.44692 0.00018
0.6 -1.47311, -1.486710 -1.47247 0.00062
0.7 -1.50260, -1.517500 -1.50185 0.00059
0.8 -1.53545, -1.55187 -1.53471 0.00026
0.9 -1.57123, -1.58938 -1.57070 0.00116
1.0 -1.60944, -1.62955 -1.60944 0.00000
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4 Conclusion

In this work, we have presented MADM for solving fractional singular bound-
ary value problems. The given examples and the derived results illustrate
the advantages of using the method proposed in this work for these kinds
of equations. Finally, the MADM is effective and efficient in finding the
analytical solutions for a wide class of initial value problems.
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