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Abstract

The concept of pseudo MV-valuations on BL-algebras is introduced, which pro-
vides a new idea for the study of BL-algebras from MV-algebras. Some related
characterizations of pseudo MV-valuations and conditions for a function to be a
pseudo MV-valuation are provided. The notion of pseudo MV-metric spaces is also
given, and properties of pseudo MV-metric spaces are given by discussing pseudo
MV-metrics induced by pseudo MV-valuations.
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1. Introduction

Non-classical logic systems which lay logical foundation for dealing with un-
certain information processing and fuzzy information, are uniquely determined by
the algebraic properties of the structure of their truth values. BL-algebras as the
algebraic structures for Hájek’s basic logic were raised from the continuous t-norm,
familiar in the fuzzy logic framework [1]. A particular subclass of BL-algebras are
MV-algebras, the algebraic counterpart of Lukasiewicz infinite valued logic, and
Turunen also pointed out that RS-BL-algebras are MV-algebras [2]. Other sub-
classes of BL-algebras are Product algebras and Godel algebras corresponding to
Product fuzzy logic and Godel logic, respectively. The study of BL-algebras has
experienced a tremendous growth over the recent years and the main focus has
been on filters and ideals [3, 4, 5]

The notion of pseudo-valuation is first introduced into Hilbert algebra by Buşneag
in [6], then he applied the notions of pseudo-valuations (valuations) into residuated
lattices, and proved some theorems of extension for pseudo-valuations [7]. Follow-
ing the research of Jun et al. [8], [9] investigated related characterizations of (im-
plicative) pseudo-valuations on R0-algebras, and showed that a pseudo-valuation
on R0-algebras is Boolean if and only if it is implicative. Yang and Xin introduced
the notion of (positive implicative, implicative) pseudo pre-valuations and strong
pseudo pre-valuations, and by using a congruence relation induced via a pseudo
valuation, they constructed a quotient structure and proved certain isomorphism
theorems [10]. [11] gave the notion of pseudo valuations on hoop-algebras, and
investigated the relationship between pseudo-valuations and filers.
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Lele and Nganou [3] claimed that most results from the theory of MV-algebras
remain unchanged in BL-algebras,though their proofs are usually quite different in
the BL-algebras settings. And we notice that the notion of pseudo-valuations is a
real-valued function, so why not discuss BL-algebras by using the structural proper-
ties of MV-algebras? Therefore we introduce the notion of pseudo MV-valuations
by a function from a BL-algebra to an MV-algebra. Some characterizations of
pseudo MV-valuations and conditions for a function to be a pseudo MV-valuation
are provided. Some properties of pseudo MV-metric spaces and pseudo MV-metrics
induced by pseudo MV-valuations are also discussed.

2. Preliminaries

In this section, we give the basic definitions and results of EQ-algebras that are
useful for subsequent discussions.

Definition 2.1. [1] An algebra (L,∧,∨,�,→, 0, 1) of type (2, 2, 2, 2, 0, 0) is called
a BL-algebra if it satisfies the following conditions: for all x, y, z ∈ L,

(BL-1) (L,∧,∨, 0, 1) is a bounded lattice,

(BL-2) (L,�, 1) is a commutative monoid,

(BL-3) x� y ≤ z if and only if x ≤ y → z,

(BL-4) x� (x→ y) = x ∧ y,

(BL-5) (x→ y) ∨ (y → x) = 1.

Let L be a BL-algebra. If x ∨ x̄ = 1 for any x ∈ L, then L is called a Boolean
algebra, where x̄ = x → 0; if L satisfies the double negation, i.e., ¯̄x = x for any
x ∈ L, then L is called an MV-algebra.

Lemma 2.2. [1, 3] In any BL-algebra (L,∧,∨,�,→, 0, 1), the following relations
hold: for any x, y, z ∈ L,

(1) x ≤ y if and only if x→ y = 1, x� y = 0 if and only if x ≤ ȳ;

(2) x� (x→ y) ≤ y, x� y ≤ x ∧ y ≤ x→ y, x ≤ y → x;

(3) x→ y ≤ (y → z)→ (x→ z), y → x ≤ (z → y)→ (z → x);

(4) x→ (y → z) = (x� y)→ z = y → (x→ z);

(5) 0̄ = 1, 1̄ = 0, 1→ x = x, x→ 1 = 1;

(6) (x ∨ y)→ z = (x→ z) ∧ (y → z), (x ∧ y)→ z = (x→ z) ∨ (y → z);

(7) if x ≤ y, then y → z ≤ x→ z, z → x ≤ z → y, x� z ≤ y � z;

(8) x→ y = x→ (x ∧ y), x→ y ≤ (x ∧ z)→ (y ∧ z), x→ y ≤ (x� z)→ (y � z).

Definition 2.3. [1] Let X, Y be BL-algebras. A function f : X → Y satisfying
f(1X) = 1Y and f(0X) = 0Y is called a homomorphism if f(a ∗ b) = f(a) ? f(b),
where ∗ ∈ {∧X ,∨X ,�X ,→X} in X and ? ∈ {∧Y ,∨Y ,�Y ,→Y } in Y .

An algebra (M,⊕,¬, 0) of type (2, 2, 0) is called an MV-algebra if it satisfies
the following axioms: for any x, y, z ∈M ,
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(MV-1) x⊕ (y ⊕ z) = (x⊕ y)⊕ z,

(MV-2) x⊕ y = y ⊕ x,

(MV-3) x⊕ 0 = x,

(MV-4) ¬¬x = x,

(MV-5) x⊕ ¬0 = ¬0,

(MV-6) ¬(¬x⊕ y)⊕ y = ¬(¬y ⊕ x)⊕ x,

Let (M,⊕,¬, 0) be an MV-algebra, for any x, y ∈ M , we put 1 = ¬0, x ⊗ y =
¬(¬x⊕¬y), x→ y = ¬x⊕ y, x	 y = x⊗¬y, x∨ y = ¬(¬x⊕ y)⊕ y = (x	 y)⊕ y,
x ∧ y = ¬(¬x ∨ ¬y).

Proposition 2.4. ([12]) Let (M,⊕,¬, 0) be an MV-algebra. Then the following
assertions are valid: for any x, y, z, s, t ∈M ,

(1) x ≤ y if and only if ¬x⊕ y = 1 if and only if x	 y = 0;

(2) x	 y ≤ z if and only if x ≤ y ⊕ z;

(3) x⊗ ¬x = 0, x⊕ ¬x = 1, x⊗ y = y ⊗ x;

(4) x⊗ y ≤ x ∧ y ≤ x ∨ y ≤ x⊕ y;

(5) x	 z ≤ (x	 y)⊕ (y 	 z);

3. Pseudo MV-valuations on BL-algebras

In the section, we introduce the notion of pseudo MV-valuations, and give some
characterizations of a pseudo MV-valuation on BL-algebras. In what follows, unless
mentioned otherwise, L is a BL-algebra and M is an MV-algebra.

Definition 3.1. Let ϕ : L → M be a function from a BL-algebra L to an MV-
algebra M . Then ϕ is called a pseudo MV-valuation on L if it satisfies the following
conditions: for any x, y ∈ L,

(1) ϕ(1) = 0,

(2) ϕ(y) ≤ ϕ(x)⊕ ϕ(x→ y).

A pseudo MV-valuation ϕ is called an MV-valuation if ϕ(x) = 0 implies x = 1.
For the sake of simplicity and better understanding, we give the following ex-

ample.

Example 3.2. Let L = {0, a, b, 1}, where 0 < a < 1 and 0 < b < 1. Define � and
→ as follows:

� 0 a b 1
0 0 0 0 0
a 0 a 0 a
b 0 0 b b
1 0 a b 1

→ 0 a b 1
0 1 1 1 1
a b 1 b 1
b a a 1 1
1 0 a b 1

IJRDO-Journal of Mathematics                         ISSN: 2455-9210

Volume-4 | Issue-3 | March,2018 3



and ∧ and ∨ operations on L as min and max, respectively. Then (L,∧,∨,�,→
, 0, 1) is a BL-algebra.

Let E = {a, b, c} and P(E) be the power set of E. Let ⊕, ¬ and 0 denote,
respectively, the join, the complement and the smallest element in M := P(E). It
is clear that (M,⊕,¬, 0) is an MV-algebra.

Define ϕ : L→M by ϕ(0) = {b, c}, ϕ(a) = {c}, ϕ(b) = {b}, ϕ(1) = ∅. Routine
calculation shows that ϕ is a pseudo MV-valuation.

Proposition 3.3. Let ϕ : L → M be a pseudo MV-valuation on L, then the
following properties hold: for any x, y, w, v ∈ L,

(1) x ≤ y implies that ϕ(y) ≤ ϕ(x);

(2) 0 ≤ ϕ(x);

(3) ϕ(x→ z) ≤ ϕ(x→ y)⊕ ϕ(y → z);

(4) ϕ((x→ y)→ z) ≤ ϕ(x→ (y → z));

(5) ϕ((x ∧ w)→ (y ∧ v)) ≤ ϕ(x→ y)⊕ ϕ(w → v);

(6) ϕ((x� w)→ (y � v)) ≤ ϕ(x→ y)⊕ ϕ(w → v).

(7) ϕ((x� z)→ (y � z)) ≤ ϕ(x→ y).

Proof. (1) Let x, y ∈ L such that x ≤ y, then we have x → y = 1, and so
ϕ(y) ≤ ϕ(x)⊕ ϕ(x→ y) = ϕ(x)⊕ ϕ(1) = ϕ(x)⊕ 0 = ϕ(x).

(2) Since x ≤ 1 for any x ∈ L, according to (1), we get 0 = ϕ(1) ≤ ϕ(x).
(3) Consider that x → y ≤ (y → z) → (x → z), we get that ϕ(x → z) ≤

ϕ((y → z)→ (x→ z))⊕ ϕ(y → z) ≤ ϕ(x→ y)⊕ ϕ(y → z).
(4) Since x� y ≤ y ≤ x→ y, then (x→ y)→ z ≤ (x� y)→ z = x→ (y → z)

by Lemma 2.2, and therefore ϕ(x→ (y → z)) ≤ ϕ((x→ y)→ z).
(5) For any x, y, w, v ∈ L, we have x → y ≤ (x ∧ w) → (y ∧ w) and w → v ≤

(y∧w)→ (y∧v) by Lemma 2.2. By (1) and (3), we obtain that ϕ(x→ y)⊕ϕ(w →
v) ≥ ϕ((x ∧ w)→ (y ∧ v))⊕ ϕ((y ∧ w)→ (y ∧ v)) ≥ ϕ((x ∧ w)→ (y ∧ v)).

(6) The proof is similar to that of (5).
(7) We put w = z and v = z in (6), then ϕ((x � z) → (y � z)) ≤ ϕ(x →

y)⊕ ϕ(z → z) = ϕ(x→ y).

In the following, some conditions for a function ϕ : L → M to be a pseudo
MV-valuation will be given.

Theorem 3.4. Let ϕ : L → M be a function such that ϕ(1) = 0. Then ϕ is a
pseudo MV-valuation if and only if x ≤ y → z implies ϕ(z) ≤ ϕ(x)⊕ ϕ(y) for any
x, y, z ∈ L.

Proof. Suppose that ϕ is a pseudo MV-valuation and x ≤ y → z. It follows that
ϕ(y → z) ≤ ϕ(x), and so ϕ(z) ≤ ϕ(y)⊕ ϕ(y → z) ≤ ϕ(x)⊕ ϕ(y).

Conversely, since x→ y ≤ x→ y, thus ϕ(y) ≤ ϕ(x→ y)⊕ ϕ(x), and so ϕ is a
pseudo MV-valuation.

The following results are immediately from Theorem 3.4.
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Proposition 3.5. Let ϕ : L→M be a pseudo MV-valuation on L. Then for any
x, y, w, v ∈ L, we have:

(1) (ϕ(x)	 ϕ(y)) ∨ (ϕ(y)	 ϕ(x)) ≤ ϕ(x� y) ≤ ϕ(x)⊕ ϕ(y);

(2) (ϕ(x)	 ϕ(y) ∨ ϕ(y)	 ϕ(x)) ≤ ϕ(x ∧ y) ≤ ϕ(x)⊕ ϕ(y);

(3) ϕ((x→ w)→ (y → v)) ≤ ϕ(y → x)⊕ ϕ(w → v).

Proof. (1) For any x, y ∈ L, x � y ≤ x � y, then x ≤ y → (x � y), and so
ϕ(x � y) ≤ ϕ(x) ⊕ ϕ(y) by Theorem 3.4. As for the inverse inequality, from
x � y ≤ x → y and y � x ≤ y → x, we obtain that ϕ(y) ≤ ϕ(x � y) ⊕ ϕ(x) and
ϕ(x) ≤ ϕ(x�y)⊕ϕ(y), that is, ϕ(y)	ϕ(x) ≤ ϕ(x�y) and ϕ(x)	ϕ(y) ≤ ϕ(x�y),
hence (1) holds.

(2) The proof is similar to that of (1).
(3) According to Proposition 3.3 (3), for any x, y, w, v ∈ L, we have that ϕ((x→

w) → (y → v)) ≤ ϕ((x → w) → (y → w)) ⊕ ϕ((y → w) → (y → v)) ≤ ϕ(y →
x)⊕ ϕ(w → v).

Definition 3.6. Let (L, d) be an ordered pair, where d : L×L→M is a function.
If d satisfies the following conditions: for any x, y, z ∈ L,

(1) d(x, x) = 0,

(2) d(x, y) = d(y, x),

(3) d(x, z) ≤ d(x, y)⊕ d(y, z),

then (L, d) is called a pseudo MV-metric space. Moreover, if d(x, y) = 0 implies
x = y, then (L, d) is called an MV-metric space.

Theorem 3.7. Let ϕ : L → M be a pseudo MV-valuation. Define a function
dϕ : L×L→M by dϕ(x, y) = ϕ(x→ y)⊕ϕ(y → x) for any x, y ∈ L, then (L, dϕ)
is a pseudo MV-metric space, where dϕ is called the pseudo MV-metric induced by
the pseudo MV-valuation ϕ.

Proof. Obviously, dϕ(x, y) ≥ 0, dϕ(x, x) = 0 and dϕ(x, y) = dϕ(y, x) for any
x, y ∈ L. Using Proposition 3.3 (3), we get that dϕ(x, y) ⊕ dϕ(y, z) = (ϕ(x →
y) ⊕ ϕ(y → x)) ⊕ (ϕ(y → z) ⊕ ϕ(z → y)) = (ϕ(x → y) ⊕ ϕ(y → z)) ⊕ (ϕ(z →
y) ⊕ ϕ(y → x)) ≥ ϕ(x → z) ⊕ ϕ(z → x) ≥ dϕ(x, z). Hence (M,dϕ) is a pseudo
MV-metric space.

Proposition 3.8. Let ϕ : L → M be a pseudo MV-valuation and dϕ the pseudo
MV-metric induced by ϕ. Then the following inequalities are valid: for any x, y, z, w, v ∈
L,

(1) max{dϕ(x→ z, y → z), dϕ(z → x, z → y)} ≤ dϕ(x, y),

(2) dϕ(x→ y, w → v) ≤ dϕ(x,w)⊕ dϕ(y, v),

(3) dϕ(x ∧ z, y ∧ z) ≤ dϕ(x, y),

(4) dϕ(x� z, y � z) ≤ dϕ(x, y),

(5) dϕ(x ∨ z, y ∨ z) ≤ dϕ(x, y),
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(6) (ϕ(x)	 ϕ(y))⊕ (ϕ(y)	 ϕ(x)) ≤ dϕ(x, y).

Proof. (1) For any x, y, z ∈ L, y → x ≤ (x → z) → (y → z) and x → y ≤ (y →
z) → (x → z), then ϕ(y → x) ≥ ϕ((x → z) → (y → z)) and ϕ(x → y) ≥ ϕ((y →
z) → (x → z)). It follows that dϕ(x, y) = ϕ(y → x) ⊕ ϕ(x → y) ≥ ϕ((x → z) →
(y → z)) ⊕ ϕ((y → z) → (x → z)) = dϕ(x → z, y → z). Analogously, dϕ(x, y) ≥
dϕ(z → x, z → y). Hence max{dϕ(x→ z, y → z), dϕ(z → x, z → y)} ≤ dϕ(x, y).

(2) Since dϕ is the pseudo-metric induced by ϕ, using (1) and Definition 3.6
(3), we find that dϕ(x → y, w → v) ≤ dϕ(x → y, w → y) ⊕ dϕ(w → y, w → v) ≤
dϕ(x,w)⊕ dϕ(y, v).

(3) For any x, y, z ∈ L, we obtain dϕ(x∧z, y∧z) = ϕ((x∧z)→ (y∧z))⊕ϕ((y∧
z)→ (x∧z)). Notice that x→ y ≤ (x∧z)→ (y∧z) and y → x ≤ (y∧z)→ (x∧z),
we get ϕ(x → y) ≥ ϕ((x ∧ z) → (y ∧ z)) and ϕ(y → x) ≥ ϕ((y ∧ z) → (x ∧ z)),
and so dϕ(x, y) = ϕ(x → y) ⊕ ϕ(y → x) ≥ ϕ((x ∧ z) → (y ∧ z)) ⊕ ϕ((y ∧ z) →
(x ∧ z)) = dϕ(x ∧ z, y ∧ z).

(4) Using Proposition 3.3 (7), we have ϕ((x � z) → (y � z)) ≤ ϕ(x → y) and
ϕ((y � z)→ (x� z)) ≤ ϕ(y → x) for any x, y, z ∈ L. Therefore dϕ(x, y) = ϕ(x→
y)⊕ ϕ(y → x) ≥ ϕ((x� z)→ (y � z))⊕ ϕ((y � z)→ (x� z)) = dϕ(x� z, y � z).

(5) Since x→ y ≤ x→ (y∨z) = (x∨z)→ (y∨z) and y → x ≤ (y∨z)→ (x∨z)
for any x, y, z ∈ L, then we get that ϕ(x → y) ≥ ϕ((x ∨ z) → (y ∨ z)) and
ϕ(y → x) ≥ ϕ((y ∨ z) → (x ∨ z)), and so dϕ(x, y) = ϕ(x → y) ⊕ ϕ(y → x) ≥
ϕ((x ∨ z)→ (y ∨ z))⊕ ϕ((y ∨ z)→ (x ∨ z)) = dϕ(x ∨ z, y ∨ z).

(6) For any x, y ∈ L, we have ϕ(x)	ϕ(y) ≤ ϕ(y → x) and ϕ(y)	ϕ(x) ≤ ϕ(x→
y), and so (ϕ(x)	 ϕ(y))⊕ (ϕ(y)	 ϕ(x)) ≤ ϕ(y → x)⊕ ϕ(x→ y) = dϕ(x, y).

Proposition 3.9. Let ϕ1 : L1 → M and ϕ2 : L2 → M be two pseudo MV-
valuations on BL-algebras L1 and L2, respectively. Then (L1 × L2, d

∗) is a pseudo
MV-metric space, where

d∗((x, y), (w, v)) = dϕ1(x,w)⊕ dϕ2(y, v),

for any (x, y), (w, v) ∈ L1 × L2.

Proof. According to Theorem 3.7, we get that dϕ1 and dϕ1 are pseudo MV-metrics
on L1 and L2, respectively. And so d∗((x, y), (x, y)) = dϕ1(x, x)⊕ dϕ2(y, y) = 0 and
d∗((x, y), (w, v)) = dϕ1(x,w)⊕ dϕ2(y, v) = dϕ1(w, x)⊕ dϕ2(v, y) = d∗ϕ((w, v), (x, y)).
Now let (x, y), (a, b), (w, v) ∈ L1 × L2, we get d∗((x, y), (a, b))⊕ d∗((a, b), (w, v)) =
(dϕ1(x, a)⊕dϕ2(y, b))⊕(dϕ1(a, w)⊕dϕ2(b, v)) = (dϕ1(x, a)⊕dϕ1(a, w))⊕(dϕ2(y, b)⊕
dϕ2(b, v)) ≥ dϕ1(x,w)⊕dϕ2(y, v) = d∗((x, y), (ω, ν)). Hence (L1×L2, d

∗) is a pseudo
MV-metric space.

Proposition 3.10. Let dϕ be the pseudo MV-metric induced by a pseudo MV-
valuation ϕ. Then (L× L, d) is a pseudo MV-metric space, where

d((x, y), (w, v)) = dϕ(x,w) ∨ dϕ(y, v),

for any (x, y), (ω, ν) ∈ L× L.
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Proof. The proof is similar to that of Proposition 3.9.

A function between two metric spaces is called an isometry if it preserves dis-
tances. Let ϕ1 : L1 → M and ϕ2 : L2 → M be two pseudo MV-valuations on
BL-algebras L1 and L2, respectively. Then the function f : L1 → L2 will be called
pseudo MV-valuation preserving if ϕ2(f(x)) = ϕ1(x), for any x ∈ L1.

Theorem 3.11. Let L1, L2 be BL-algebras, ϕ1 : L1 → M and ϕ2 : L2 → M be
pseudo MV-valuations. If f : L1 → L2 is a homomorphism, then the following are
equivalent:

(1) f is pseudo MV-valuation preserving;

(2) f is an isometry.

Proof. Assume that f is pseudo MV-valuation preserving, then for any x, y ∈ L2,
we have dϕ2(f(x), f(y)) = ϕ2(f(x) → f(y)) ⊕ ϕ2(f(y) → f(x)) = ϕ2(f(x →
y))⊕ ϕ2(f(y → x)) = ϕ1(x→ y)⊕ ϕ1(y → x) = dϕ1(x, y), hence f is an isometry.

Conversely, suppose that f is an isometry, then for any x ∈ L1, we get that
ϕ1(x) = dϕ1(x, 1) = dϕ2(f(x), f(1)) = ϕ2(f(x)). Therefore f is pseudo MV-
valuation preserving.

Proposition 3.12. Let L1, L2 be BL-algebras, ϕ : L1 →M a pseudo MV-valuation
on L1 and f : L1 → L2 be an epimorphism. Then f(ϕ) : L2 →M is a pseudo MV-
valuation on L2, where f(ϕ) is defined by f(ϕ)(y) = inf{ϕ(x)|f(x) = y, x ∈ L1}
for any y ∈ L2.

Proof. Since ϕ : L1 →M is a pseudo MV-valuation on L1 and f is an epimorphism
from L1 to L2, it follows that f(ϕ)(1L2) = inf{ϕ(x)|f(x) = 1L2 , x ∈ L1} = ϕ(1L1) =
0. For any a, b ∈ L2, f(ϕ)(a) ⊕ f(ϕ)(a → b) = inf{ϕ(x)|f(x) = a, x ∈ L1} ⊕
inf{ϕ(x → y)|f(x → y) = a → b, x, y ∈ L1} ≥ inf{ϕ(x) ⊕ ϕ(x → y)|f(x) =
a, f(y) = b, x, y ∈ L1} ≥ inf{ϕ(y)|f(y) = b, y ∈ L} = f(ϕ)(b), thus f(ϕ) is a
pseudo MV-valuation on L2.

Proposition 3.13. Let L1, L2 be BL-algebras, ϕ : L2 →M a pseudo MV-valuation
on L2 and f : L1 → L2 a homomorphism. Then f−1(ϕ) : L1 → M is a pseudo
MV-valuation on L1, where f(ϕ) is defined by f−1(ϕ)(x) = ϕ(f(x)) for any x ∈ L1.

Proof. Since f : L1 → L2 is a homomorphism, then f−1(ϕ)(1L1) = ϕ(f(1L1)) =
ϕ(1L2) = 0. For any x, y ∈ L1, we get that f−1(ϕ)(x →L1 y) = ϕ(f(x →L1 y)) =
ϕ(f(x)→L2 f(y)) ≥ ϕ(f(y))	ϕ(f(x)), thus ϕ(f(x)) ≤ ϕ(f(x))⊕f−1(ϕ)(x→L1 y),
and so f−1(ϕ) is a pseudo MV-valuation on L1.
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