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Abstract. In this paper, we present the least value a and the greatest value 8 such that the
double inequality

aA(a,b) + (1 —a)T(a,b) < M(a,b) < BA(a,b) + (1 — B)T(a,b)

hold for all a,b > 0 with a # b, where A(a,b), M (a,b) and T'(a,b) are the arithmetic, Neuman-

Sandor and second Seiffert means of a and b, respectively.

1. Introduction

For a,b > 0 with a # b the Neuman-Sdndor mean M (a, b)[1] was defined by

a—>b
M(a,b)= —————
’ . _1,a—=0b (1.1)
2 sinh (a+b)

where sinh ™! (z) = log(z + v/1 + 22) is the inverse hyperbolic sine function.

Recently, the Neuman-Sandor mean has been the subject of intensive research. In partic-
ular, many remarkable inequalities for the Neuman-Sédndor mean M (a,b) can be found in the
literature [1,2].

Let H(a,b) = (2ab)/(a+b), G(a,b) = Vab, L(a,b) = (a —b)/(loga —logb), P(a,b) = (a —
b)/(4tan~t \/a/b—7), A(a,b) = (a+b)/2, T(a,b) = (a—b)/[2tan" (a—b)/(a+b)], Q(a,b) =

(a2 +b2)/2 and C(a,b) = (a®+b*)/(a+b) be the harmonic, geometric, logarithmic, first Seif-
fert, arithmetic, second Seiffert, quadratic and contra-harmonic means of a and b, respectively.
Then

min{a, b} < H(a,b) < G(a,b) < L(a,b) < P(a,b) < A(a,b)
< M(a,b) < T(a,b) < Q(a,b) < C(a,b) < max{a,b}
hold for all a,b > 0 with a # b.
Neuman and Séndor [1, 2] proved that the inequalities
T Hab) < M(ab) < — @D
4log (1++/2) log (1 + v/2)

2(a,b) — Q%*(a a *(a,b)
V2T (ab) ~ Q%(ab) < M(ab) < s,
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H(T(a,b), A(a,b)) < M(a,b) < L(A(a, b),j)z(m bb)),
T(a,b) > H(M(a,), Q(a,b), M(a,b) < =,
4230, 5)QY3(a,b) < Ma,b) < 2D - Qab),
VA(a,b)T(a,b) < M(a,b) < \/A%(a,b) + T%(a,b),
Gay Ly Py
Gl—-z,1-y) Ll-=z,1-y) Pl—-z,1-y)
< Ay M(z,y) T(z,y)
Al —2,1—y) MO -z,1—y) T0—-2,1—1y)’
1 _ 1 < 1 _ 1 < 1 _ 1
Al —x,1—y) Alz,y) MQA-z1-y) Mxy) TA—-2,1-y) T(z,y)
Alz,y) Al —z,1 —y) < M(z,y) M(1 —z,1 —y) < T(z,y)T(1 — 2,1 —1y)
hold for all a,b > 0 and z,y € (0,1/2) with a # b and = # y.

Li et al. [3] showed that the double inequality
Ly, (a,b) < M(a,b) < La(a,b)
holds for all a,b > 0 with a # b, where L, (a,b) = [(a?** —bP*1)/((p+1)(a—b))]"/P(p # —1,0),
Lo(a,b) = 1/e(a®/b®)/@=) and L_i(a,b) = (a — b)/(loga — logh) is the p-th generalized
logarithmic mean of a and b, and pg = 1.843 - - - is the unique solution of the equation (p+1)1/p =

2log(1 +V/2).
In [4], Neuman proved that the double inequalities

aQ(a,b) + (1 — a)A(a,b) < M(a,b) < BQ(a,b) + (1 — B)A(a,b)

—
~—~

and
AC(a,b) + (1 — N)A(a,b) < M(a,b) < uC(a,b) + (1 — pn)A(a,b)
hold for all a,b > 0 with a # b if and only if v < [1 = log(1 + v/2)]/[(V2 — 1)log(1 + V2)] =
0.3249---, 8> 1/3,A < [1 —log(1 + v2)]/log(1 + v2) = 0.1345- - and pu > 1/6.
In [5], Yuming Chu etc proved that the double inequalities
a1 L(a,b) + (1 — a1)Q(a,b) < M(a,b) < B1L(a,b) + (1 — $1)Q(a,b)
and
agL(a,b) + (1 — az)Cl(a,b) < M(a,b) < B2L(a,b) + (1 — B2)C(a,b)
hold for all a,b > 0 with a # b if and only if oy > 2/5,68; < 1 — 1/[\/§log(1 + \/5)] =
0.1977--- ,as >5/8 and By < 1 —1/[2log(1 +/2)] = 0.4327 - - -.
In addition, inequalities for quotients involving the Neuman-Séndor mean M(a,b) were ob-
tained in [6].
The main purpose of this paper is to find the least value « and the greatest value 8 such
that the double inequality
aA(a,b) + (1 —a)T(a,b) < M(a,b) < BA(a,b) + (1 — )T (a,b)
holds for all a,b > 0 with a # b. All numerical computations are carried out using the
mathematical calculation software.

2. Lemmas

In order to establish our main results we need several lemmas, which we present in this
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section.

Lemmas 1. Let u = 1/(4 — 7)[4 — 7/log(1 ++/2)] = 0.5074--- ,p € {1/2, u}, and w,(t) =
(p— 134+ (1 — p)2(1 — 10p)t® + (1 — p)(8p? — 1dp + 1)t + (4p? — 2p + 3)t +2(2p + 1). Then
wp(t) > 0 holds for all ¢ € (0,1).

Proof. Simple computations lead to

lim w,(t) =2(2p+1) >0, lim wy(t) = (2 —p)(19p* — 12p +4) > 0, (2.1)
t—0t t—1—
lim w)(t) =4p° —2p+3 >0, lim w)(t) = (3 —2p)(25p° — 24p +4) <0, (2.2)
t—0t t—1—
lim w(t) =2(1 — p)(8p® — 14p+1) <0, (2.3)
t—0t
and
wy'(t) = 6[4(p — 1)*t + (1 — p)*(1 — 10p)] < 0 (2.4)

for ¢ € (0,1). (2.3) and (2.4) imply that wy,(¢) is strictly decreasing in (0,1). It follows from
(2.2) and the monotonicity of wy,(t) that there exists ¢y € (0, 1) such that wy,(t) > 0 for ¢ € (0, %)
and wy,(t) < 0 for t € (to, 1), hence w,(t) is strictly increasing in (0, o) and strictly decreasing in
(to,1). Therefore the conclusion of lemma 1 is educed from (2.1) the monotonicity of w,(t). O

Lemmas 2. Let p = 1/(4 — m)[4 — 7/log(1 +v/2)] = 0.5074--- ,p € {1/2, u}, and v, (%)
0,

2[2(1 — p)2t3 +5(1 — p)*2 + 2(p*> — 3p+ 1)t — (2p + 1)]. Then v,(¢) < 0 holds for all ¢ € (0,1).

Proof. Simple computations yield

lim v,(t) = -2(2p+1) <0, lim v,(t) =2(p—2)(9p—4) <0, (2.5)
t—0+ t—1-
lim v, (t) =4(p* = 3p+1) <0, lim v),(t) =4(9° —19p+9) > 0, (2.6)
t—0+ t—1-

and
vl (t) = 4(1—p)*(6t +5) > 0 (2.7)
holds for all ¢ € (0,1). From (2.7) we know that v, (¢) is strictly increasing in (0, 1).
It follows from (2.6) and the monotonicity of v, (t) that there exists ¢, € (0,1) such that
vy, (t) <0 for t € (0,t1) and v, (t) > 0 for ¢ € (t1, 1), hence v, (t) is strictly decreasing in (0,%;)
and strictly increasing in (¢1,1). Therefore the conclusion of lemma 2 is elicited from (2.5) and

the monotonicity of vy(t). O

Lemmas 3. Let = 1/(4 — m)[4 — 7/log(1 +v/2)] = 0.5074 - -, and L, (t) = (1 — )57 +
2(1 — ) (10p? — 11p — 7)8 + (1 — p)* (11612 — 48y — 93)t° +4(1 — p)?(40p* — 116> + 362 +
991 — 51)t4 + (1 — p)?(64p* — 3043 + 40u> + 480 — 185)3 — 2(32u° — 16p* — 24013 + 3982 —
181 4 15)t% — (64p* — 336> + 3802 — 16p — 53)t + 8(1 + 2u)(1 — 2u)(3 — 2u). Then there
exists 72 € (0, 1) such that L,(¢) <0 for t € (0,72) and L, (t) > 0 for t € (12, 1).

Proof. By calculating first-sixth derived functions of L,(t) and the numerical computations
we know that Li(t) < 0 for ¢ € (0,1), and L,(0) < 0, L,(1) > 0, L,(0) > 0, L/,(1) >
0, L(0) > 0, L(1) < 0, L"(0) > 0, L/(1) < 0, L) (0) < 0, LY (0) < 0. Apparently
L£L4)(O) <0, LS)(O) < 0 and L,(f) (t) < 0 imply that L} (t) is strictly decreasing in (0, 1).

It follows from L}/(0) > 0 and L;/(1) < 0 together with the monotonicity of L}/(t) that
there exists 7o € (0,1) such that L}/(t) > 0 for ¢ € (0,m0) and L/(t) < 0 for ¢ € (n0,1), so
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Lj(t) is strictly increasing in (0,70) and strictly decreasing in (1, 1). From L}(0) > 0 and
L} (1) < 0 together with the monotonicity of L}/(t) we know that there exists 71 € (1o,1)
such that Ljj(t) > 0 for t € (0,m) and Lj(t) < 0 for ¢t € (m1,1), hence Lj (?) is strictly
increasing in (0,71) and strictly decreasing in (ny,1). L},(0) > 0 and L (1) > 0 together with
the monotonicity of Lj (t) imply that Lj () > 0 for ¢t € (0,1), thus L,(t) is strictly increasing
in (0,1). Therefore the conclusion of lemma 3 follows from L, (0) < 0 and L, (1) > 0 together
with the monotonicity of L,(t).

O
3. Main Results
theorem. The double inequality
aA(a,b) + (1 —a)T(a,b) < M(a,b) < BA(a,b) + (1 — )T (a,b) (3.1)
holds true for a,b > 0 with a # b if and only if a > 1/(4 — )[4 — 7/ log(1 + v/2)] = 0.5074 - - -
and 8 < 1/2.
Proof. Let u=1/(4 — )[4 — n/log(1 + /2)] = 0.5074 - - . Firstly we prove that
1
5 [A(aa b) + T(aa b)] > M(aa b)7 (32)
and
wA(a,b) + (1 — p)T(a,b) < M(a,b). (3.3)

Without loss of generality, we assume that a > b > 0. Let x = (a — b)/(a + b) € (0,1) and
p € {1/2, u}. Then

M(a,b) x T(a,b) =« (3.4)
A(a,b)  sinh~!(z)’ A(a,b) tan~la’ '
and
pA(a,b) + (1 —p)T(a,b) — M(a,b) _ E,(z) (3.5)
Ala,b) log (z + V1 +22)tan~ 'z’ '
where
E,(z) =ptan~'zlog (z + 1+ 22) + (1 — p)xrlog (z + V1 + 22) — wtan ' x. (3.6)
Some tedious, but not difficult, calculations lead to
lim E,(z) = [(5 — 1)p+ 1]log(1 +v2) — =, (3.8)
T—1— 4 2]G ( ) 4
[1+(1-p)a®|Gy(z
El(x) = T (3.9)
where
pltan™tx —pr+2)vV1+22 - (1+2¥)tan o —2
= 1 1 2 3.10
lim G,(x) =0, (3.11)
z—0+
—4)Vv2 22vV2—m—2
lim G, (x) = log(1 + v3) 4 - V2 +2@V2 -7~ 2) (3.12)
T—1~ 4(2 - p)
1-2 1 —p)z? +2vV1+ 22 H
G (x) = pz( p) + (1 —p)z® + + 22| Hy(x) (3.13)

[1+(1—p)a2]2V/1+22 ’
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where ( )4 ) ) .
1—p)?z* 4+ (3—2p° —p)z® —2vV1+ 22 +2 4
H,(z) = —t , 3.14
e T W TS P e R (314
lir{)l+ H,(z) =0, (3.15)
. 283—-v2)—p(p+3) =«
lim H,(z) = - =, 3.16
lim_ Hy(z) b2t nE ) 4 (3.16)
and K, ()
H' (z) = Pl 3.17
»(@) p22(1+ 22)[(1—2p) + (1 — p)a? 1 2v1 + 222 (8:17)
where

Kp(z) = (p—1)%2°+ (1 —p)*(1 = 10p)2° + (1 — p)(8p® — 14p + 1)a*
+(4p* — 2p+3)2® +2(2p + 1) + [4(p — 1)%25 + 10(1 — p)? (3.18)
(1 —10p)z* 4+ 4(p* — 3p+ 1)2* — 2(2p + 1)|]V1 + 2.
Let x = v/t (t € (0,1)), then
L, (1)
) — Op (VI T T
where wy,(t) and v,(t) are defined as in lemmas 1 and 2, respectively, and
Ly(t)= (1—p)%" +2(1 —p)*(10p> — 11p — 7)t® + (1 — p)*(116p* — 48p — 93)t°
+4(1 — p)2(40p* — 116p® + 36p> + 99p — 51)t* + (1 — p)?(64p* — 304p®
140p? + 480p — 185)13 — 2(32p° — 16p* — 240p° + 308p — 181p + 15)¢2
—(64p* — 336p® + 380p% — 16p — 53)t + 8(1 + 2p)(1 — 2p)(3 — 2p).
Now we distinguish between two cases:
Case 1. p=1/2. (3.20) leads to
Lys(t) = 6—14t(t + 2)2[t* + 84t3(1 — t) + 104t(1 — t) + 8(3t + 8)] > 0, (3.21)
holds for all ¢ € (0,1). This fact and (3.19), (3.17) together with lemmas 1 and 2 imply that
Hj j5(x) > 0for x € (0,1), hence Hy j5() is strictly increasing in (0,1). Therefore the inequality
(3.2) follows from (3.5), (3.7), (3.9), (3.11), (3.13) and (3.15) together with the monotonicity
of H1/2 (Jj)

Case 2. p = p. Here (3.20) becomes L, (t), which is defined as in lemma 3. By (3.19) and
the conclusions of lemmas 1 — 3 we confirm that K, (z) < 0 for z € (0,z¢) and K,(x) > 0 for
x € (w0, 1), where z9 = /2. This fact and (3.18) imply that H/ () < 0 for = € (0,z0) and
H (z) > 0 for z € (z0,1), hence H () is strictly decreasing in (0, 7o) and strictly increasing

Kp(x) = wp(t) + up(t) V1 + 1t =

(3.19)

(3.20)

in (zg,1).
Notice that (3.8), (3.12) and (3.16) become
lim E,(z) =0, lim G,(z)=0.0033--->0, lim H,(z)=0.0442--- >0, (3.22)
r—1- r—1— T—1—

respectively. It follows from (3.22), (3.15), (3.13), (3.11), (3.9) and (3.7) together with the
monotonicity of H,(z) that
Eu(z) <0 (3.23)
for € (0,1). Therefore the inequality (3.3) follows from (3.5) and (3.23).
Finally, we prove that pA(a,b)+ (1—pu)T(a,b) is the best possible lower convex combination
bound and 1/2[A(a,b) + T'(a,b)] is the best possible upper convex combination bound of the
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arithmetic and the second Seiffert means for the Neuman-Sdndor mean.
Equations (3,4) lead to
T(a,b) — M(a,b) z/tan"'2z — 2/sinh™*(z)

- = R(). 24
T(a7 b) - A(a/, b) 3;/ tanfl r—1 R(x) (3 )
From (3.23) one has
lim R(x) = u, (3.25)
r—1—
and :
f 9 2
O R(z) 2 (3.26)

If o < p, then (3.24) and (3.25) lead to the conclusion that there exists 0 < §; < 1 such
that M(a,b) < aA(a,b) + (1 — a)T(a,b) for all a,b > 0 with (a — b)/(a +b) € (d1,1).

If 8> 1/2, then (3.24) and (3.26) lead to the conclusion that there exists 0 < 2 < 1 such
that M(a,b) > BA(a,b) + (1 — 8)T(a,b) for all a,b > 0 with (a —b)/(a + b) € (0,02).

0
Remark. In [7], we proved that the double inequality
aG(a,b) + (1 —a)T(a,b) < M(a,b) < BG(a,b) + (1 — B)T(a,b) (3.27)
holds true for a,b > 0 with a # b if and only if @ > 1/5 and 8 < 1 — 7/[4log(1 + v/2)] =
0.108893 - - - .

The bounds in the double inequalities (3.1) and (3.27) are not comparable to each other.
In fact, if we let @ > b > 0 and = \/a/b > 1, and notate A = 1 — 7/[4log(1 + v/2)] and
w=1/(4—7)[4—7/log(1+ v/2)], then

1 1 b
[§A(a,b) + §T(a,b)] — [AG(a,b) + (1 = N)T(a,b)] = ] Fi(x) (3.28)
tan™' —
41
and
1 4 b
wA(a,b) + (1 —w)T(a,b)] — [gG(a, b) + gT(a, b)] = o Fy(z), (3.29)
tan~! —
x4+ 1
where ) ) \
A 1 qxe—=1 2X—-1 4
Fi(z) = < 1 Az + 4) tan o + 1 (z—1) (3.30)
e (@ +1) T e
w(z® + T T = w(x® — e —1
F — _Z — 31
() [ 5 5} tan P 5 + T (3.31)
respectively. Simple computations yield
1) =F0)=F'(1)=0, F{"(1) =5X — 1= —0.4555--- < 0, (3.32)
1— 2
(t> —4Xt + 1) tan—! t + (=20 -1)
lim Fi(z)= lim 41 — o0 (3.33)
sortoo ! t—0+ 4t2 ’ '
K1) =F1)=F/'1)=0, F'1)=1-2w=-0.0148 - - - <0, (3.34)
and

1—t?
[5w(t? 4+ 1) — 2t]tan~! o + (1 = 5w)(1 —t?)
IBIEOO Fy(z) = tgrél+ 022 = +00. (3.35)
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Equations (3.28), (3.32) and (3.33) imply that there exist small enough §; > 0 and large
enough X; > 0 such that 1/2A(a, b)+1/2T(a,b) < AG(a,b)+(1-\)T(a,b) for \/a/b € (1,1+61),
and 1/2A(a,b) + 1/2T(a,b) > AG(a,b) + (1 — \)T(a,b) for \/a/b € (X1, +00).

Equations (3.29), (3.34) and (3.35) imply that there exist small enough d; > 0 and large
enough Xo > 0 such that wA(a,b) + (1 — w)T(a,b) < 1/5G(a,b) + 4/5T(a,b) for \/ajb €
(1,1 + &2), and wA(a,b) + (1 — w)T(a,b) > 1/5G(a,b) + 4/5T (a,b) for \/a/b € (X2, +00).
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