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Abstract— In this work, we introduce families of similar curves in 4D-Galilean space with variable
transformation. Also, we obtain some characterizations of this family and some theorems. Moreover,
Using new Serret-Frenet vectors of these curves, we obtain some new relationships between with non-
zero curvatures of the similar partner curves and unit tangent vector T of ¢ satisfies a vector
differential equation of fourth order in 4D-Galilean space.
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I INTRODUCTION

In differential geometry, special curves have an important role. Especially the partner curves, i.e.,
the curves which are related to each other at the corresponding points, have attracted the attention of
many mathematicians. Well-known partner curves are the Bertrand curves, which are defined by the
property that at the corresponding points of two space curves the principal normal vectors are common.
Bertrand partner curves are studied in [1, 2, 3, 10]. Ravani and Ku transported the notion of Bertrand
curves to the ruled surfaces and called them Bertrand offsets.

In recent years, researchers have begun to investigate curves and surfaces in the Galilean spaces and
thereafter pseudo- Galilean space. The theory of the curves in Galilean spaces is extensively studied in
Roschel (1986). In this space we refer; about spherical curves in G3, Ergiit and Ogrenmis (2009),
Ogrenmis et al. (2007); on Bertrand curves Ogrenmis et al. (2009). It is safe to report that a good
amount of researches have also been done in pseudo-Galilean space by the aid of the interesting paper
by Divjak (1998); and thereafter classical differential geometry papers Divjak and Milin-Sipus (2003
and 2008) and Ogrenmis and Ergiit (2009) [4, 5, 6, 7].

Recently, Similar curves have been introduced a new type of special curves in E? for which the arc-
length parameters have a relationship and between the space curves o and o, such that, at the
corresponding points of the curves, the tangent lines of a coincides with the tagent of a.,, then a is a
called a similar curve, and a, similar partner curve of o [8, 9].

In this work, in the light of the existing literature we extend aspects of classical differential geometry
topics to 4D-Galilean space, we obtain a family of curves and call them a family of similar curves in
4D-Galilean space with variable transformation . Obtain some characterizations of these families and
some theorems. And then we express that the families of curves with vanishing curvatures forms we
obtain a family of similar curves in 4D-Galilean space.

1. PRELIMINARIES
Let 4D-Galilean space be the 4-dimensional Galilean space and & is a curve in 4D-Galilean space given
cordinate form  &(t) = (£1(t), £2(6), §3(8), £()). Where  £3(6), &2(8), &5(t), £a(t) are  smoot
functions. For any vectors u = (us, Uz, us, uy) and v = (v4, v, v3, v4) in 4D-Galilean space, The scalar
inner product of two vectors are defined by
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(uw.v)= U Uy +UsV3+ U, 3 U1=0 or v;=0 @

Then,we define the Galilean cross product in 4D-Galilean space for vectors u = (us, U, us, Us),
v = (V1,V2,V3,Vq) aNd w = (Wq, Wy, ws, w,) as fallows:

0 €, €3 e,

Uy U3z Uy
udvAw= v, v, vy v,

Wy Wy, Wz W,

where e; (1 < i < 4), are the standart basis vectors. Let & be a curve in 4D-Galilean space,
parameterized by arc-length s, given coordinate form &(s) = (s, &2(5), €3(s), £4(s)). The tangent
vector of & is given by T = &'(s) = (1, &,/(5),&3'(s), €4/ (s)). Since T is a unit vector, we can write
(T, T ) = 1. Differentating above equation with respect to s, we obtain (T, T') = 0. From this, we
obtain the curvature k as follows:

k(s) = IT'S)I = V(§2D7+ (€57 + (64>
If x(s) # 0, for all sel. Similar to space Gz, we define the principal vector
T'(s)  (0,€%,8%,¢%)
k(s) k(s) '

By the differentiation of the principal normal vector given in above equation, we have second
curvature function as follows:

N(s) =

T(s) = [IN'()II-

This real valued function is called torsion of the curve & principal binormal vector field of the &
given by

_ §2'(s) &3'(s) &*'(s)
()t k(s) T k(s) T k(s)

Principal binormal vector is orthogonal to T and N. The secondary binormal vector is defined by

B(s) [0, ]

E(s) =nT(s)AN(s)AB(s).

Where 7 is taken +1 to make +1 determinant of the matrix {T, N, B, E'}. The third curvature of the
curve € is defined by

a(s) = (B'(s), E(s))-

Then the Frenet formulae of curve & are given by

T’ 0 x 0 07T
Nf_|0O O <t 0[N
B'l |0 -t 0 o||B (2)
E’ 0 0 —o OLE
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1. SIMILAR PARTNER CURVES IN 4D-GALILEAN SPACE

In this section, we give the definition and some characterizations of Similar curves in 4D-Galilean space
with variable transformations. Before givin the characterizations, first we give the following definition and
theorem.

Definition 1: Let 4D-Galilean space be the 4- dimensional Galilean space with the inner product ( .)G,
and & (s,) and e’;B(sB) be curves in 4D-Galilean space parameterized by arclengths s, and sz with non-

zero curvatures {rq, 74,04}, {Kkp Tp,0p} and Frenet frames {T,, Ny, B,, E,} and {Tg, Ng, Bg, Eg}
respectively. & (s,) and éB(sB) are called similar curve in 4D-Galilean space with variable transformation
/1;’;‘ . And at the corresponding points of the curves, the tangent lines of £ (s,) coincidet with the tangents
lines of &B(sﬁ),

Ta(sa) = Tg(sp) (3

and s, = [ Agdsg of arclengths s, and sg, where A5 is arbitrary function of arclength. It is worth nothing
that A“AB = 1. If we integrate the equality (3) we obtain the following theorem.

Theorem 1: The position vectors of the family similar curves in 4D-Galilean space with variable
transformation can be written in the following form,

&,(5a) = Ta(sa(sp)) dsp = [ Ty(sa)Aydlsp

Theorem 2: Let &£ = &(s) be a curve parameterized by arclength s. Provided that & = &(¢) be another
parametrization of the curve with parameter @ = [x(s)ds. Then in 4D-Galilean space the unit tangent
vector T of ¢ satisfies a vector differential equation of fourth order as follows:

OO o]+

where

t(¢) a(e) , _dT , _d°T
flo )—< >,g(qo) < v )> 0=z, (N'=g35

Proof: If we write derivatives given in (2) according to ¢, we obtain

(Z—dB)> = (—1N + oE) (%) =—fN+gE
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(49)- com(l)--a

where f(@) = Cig) ,9(p) = (Zgg) Then corresponding matrix form of above equatiion can be given

T [0 1 0 07T
N':00f01v(5)
Bl |10 f 0 g||B
El o 0o —-g ollE

Using new Frenet derivatives (5) we obtain equation (4).

Theorem 3: Let € (s,) and é’;B(sB) be real curves in 4D-Galilean space . Then & (s,) and &B(sﬁ) are

similar curves with variable transformation if and only if the principal normal vectors are the same for all
curves

No(Se) = Ng(sg) (6)

under the particular variable transformation

B (4B = (ke
Ae = (dsa) - (KB)' (7
Proof: Let £ (s,) and &B(sﬁ) be real similar curves with variable transformation, Then differentiating
equation (3) with respect to sz we obtain

dsq

g (5p)Np(5p) = () NuCS) 5 ()

The above equation leads to equations (6) and (7).

Conversely, let & (s,) and aB(sB) be real similar curves with variable transformation in 4D-

Galilean space satisfaying (6) and (7). If we multiply (6) with KB(SB) and integrate the result equality with
respect to (), we obtain

d
J rep(sp)Np(sp)dsy = J rep(sp)Np(sp) 72 dsa- (9)
From equations (6) and (7), equation (9) take the form

Te(sp) = J rp(sp)Np(sp)dsp = J Ko (5a) No(Sa)dse = Tp(sa)

which means that £ (s,) and éB(sB) are similar curves with variable transformation and proof is
complete.
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Theorem 4: Let & (s,) and gB(sB) be real curves in 4D-Galilean space . Then & (s,) and &B(sﬁ) are

similar curves with variable transformation if and only if the Frenet vectors B, and Bg of the curves are
the same for all curves

Bo(sq) = Bp(sp)  (10)
under the particular variable transformation

ds «
A =Lt=Z2 (11)

- dsq B

keeping equal total curvatures, i.e.,
pp(sp) = fKB(SB)dSB = fKa(Sa) No(Sa)dse = @u(Sa)

of the arc-lengths.

Proof: Let & (s,) and éB(sB) be real curves in 4D-Galilean space. Then from definition 1 and theorem
2, there exists a variable transformation of the arc-lengths. Differentiating equation (6) with respect to sg

we have
5 ds, L
o =—20
BB dSB o= a
which gives us desired equalities (10) and
5 dsg _Tg

@ ::35;'_ TB
Conversely, let £ (sq) and éﬁ(sﬁ) be real curves in 4D-Galilean space satisfying (10) and (11).
Differentiating (10) with respect to sg we have

~5 (53 )Np(5p) + 05 (55)Ep(sp) = 222 (Ta(sNu(5) + 0u(s)Eu(s,)  (12)

ds T ds o
sg T dsq Og

Then from (12) we have

dsa _ 1B (14)
dsp Tq

Using theorem 2. Then, the unit tangents Tg(sg) = Tg(sy) of the curves satisfy the following vector
differential equation of fourth order as follows:
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9a(Pa) Ia(Pa)

(55)| () (M2 + (apaTulo) )] +Talea’ _ o} (15

{(gﬁ(l‘ﬂﬁ)) [(gﬁ(l‘PB)) (T;;((pj;;’) (fs (9p) T (0p)’ )] Tf(zpj)) = } (16)

where

Ta(Pa) ¢ (Pa)

Ko (0g) » 9a(Pa) = Ko (0o) ) = fKa(Sa);

fa (Qpa) =

Tﬁ(‘ﬁoﬁ) B( ﬁ') Gﬁ(‘PB)

f[f( B)_ ( ) ( ) ﬁ:fKB(SB)
Equation (13) causes

fa(goa) S f[?(‘pﬁ)' ga(‘ﬂa) = gﬁ(<pﬁ)

under the variable transformations ¢g = ¢,. So that equations (15) and (16) under the equation (13) and

the transformation
op = kp(sp) = [ ko(sa)

are the same. Hence the solution is the same, i.e., the tangent vectors are the same which completes the

proof of the theorem.

Theorem:Let & (s,) and &B(sﬁ) be real curves in 4D-Galilean space. Then & (s,) and éﬁ(sﬁ)

similar curves with variable transformation if and only if the Frenet vectors E, (s,) and Eg(sg) of curves

are the same for all curves
Eq (sq) = Eg(sp)  (17)

under the particular variable transformation

AP 2% _Ta_ % g

@ dsg T8 OB

of the arc-lengths.
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Proof: Let £ (s,) and éB(sB) be real quaternionic curves with variable transformation. Then from
Theorem.4, we have B(s,) = B(sp). Differentiating this equality with respect to sg gives

dsg

—75(sp)Np(sp) + 05 (sp)Ep(5p) = {~Ta(5:INu(Sa) + 04(5)Eq(5,)} (19)

dSB

2% _Ta_ S

A =L=
* ds, 13 o

Considering equation (19) and (8), we have

_ B _ dSp _ Ta _
Eq(sq) = Eg(sp) and Ay = T " T e (20)

Conversely, let & (sq) and éB(sB) be real quaternionic curves with variable transformation.satisfying
(17) and (18). Differentiating (17) with respect to s it follows

ds,
GB(SB)Bﬁ(SB) = d_SB O-Ot(sa)Ba(Sa)

From (18) we see that

By(sq) = Bg(sp).

Then by theorem 4, we obtain that £ (s,) and iﬁ(sﬁ) are regular similar curves in 4D-Galilean space
with variable transformation .

Example: Leté(s) = (s, (\/;) s,arctans — (%) ,InV1 + 52) be real curve , £(s) forms a family of similar
curves in 4D-Galilean space with variable transformations.

Proof: The natural representation of £(s) can be written in the form:

E,(w) = (u, (‘/;) u,arctanu — (%) ,Inm). (21)

Where s, = u is arclength of the ¢ and the curvature is k,(u)=1. Differentiating (21 ), we have

V3 o1 1 u )

' = 11_1___,_—
S ( 2'T+u2 2 1+u2
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Galilean inner product follows that ( £',&" )s, = 1. Thus the curve is paremeterized by arclength and
tangent vector takes the form:

V31 1 u

2 71+u?2 2’ 1+u?

T, = (1,

From theorem 1, we can write as the following:
V3 1 1 u(s) )
= L=, |l———]|-lz),-|————| |d
e f( <2> <1+(u(s))2> (2) (1+(u(s))2 ) °

where (sp) = s. From the equation (18), we have

). 22)

K K
ds, = Adsg = (i) dsg or su(sg) = J (i) dsg. (23)
If we put the curvature kg = k(s) (Sg = s), we have

u(s) = [ k(s)ds.

The the position vector of & with arbitrary curvature k(s) takes the following form:

V3 1 1 [ k(s)ds
N-\§ <7> ’ <1 +(J K(s)ds)2> () (1 +(/ K(s)ds)2>

which is the position vector of & . The principal normal vectors of (21) take the form:

v = oo 2 u? -1
(=10 '_<(1+u2)2)'<(1+u2)2> '

Besides, it is easy to write the tangent vector (22) in the simple form:

Ty = J Nwdu = [ (coshu,0,sinhu, 0)du.

From theorem 1, we can write the position vector of a similar curve é’;ﬁ(s) = (£1(5),£2(5),¢3(5),€4(5))

with arbitrary curvature k(s) as follows:

flc(s)ds)z—l
S =f O;O;_ 2 N2 ( N 2 ds. (24)
éﬁ( ) (1+(f k(s)ds) ) (1+(f Kk(s)ds) )

Corollary: The family of real curves in 4D-Galilean space with vanishing principal curvature ¥ forms a
family of real similar curves with variable transformation.

Corollary: The family of real curves in 4D-Galilean space with vanishing torsion T forms a family of real
similar curves with variable transformation.
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Corollary: The family of real curves in 4D-Galilean space with vanishing bitorsion o forms a family of
real similar curves with variable transformation.

Conclusion: In 4D-Galilean space, the similar curves are defined and some properties of these curves are
obtained. It is shown that real curves with vanishing curvatures form the families of similar curves
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