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Abstract
The definition of reflexivity of a intuitionistic fuzzy relation R on a set S is

generalized. Intuitionistic fuzzy equivalence relations on a given set and intuitionistic fuzzy
congruence relation on a lattice are studied under this generalized setting. We prove that
the set of all intuitionistic fuzzy G-congruence relations on a lattice L forms a lattice, and
also we study modularity of a special class of this lattice.
Keywords: Lattice, modular lattice, intuitionistic fuzzy lattice (IFL), intuitionistic fuzzy
relation (IFR), Intuitionistic fuzzy equivalence relations, Intuitionistic fuzzy congruence
relations.
1. Introduction

The theory of fuzzy sets and fuzzy relations proposed by Zadeh [15,16] in 1965 has
achieved a great success in various fields. After that several researchers [1,5,6,9,10,11]
have applied the notion of fuzzy sets to congruence .In particular K C Gupta and T P Singh
[ 6] studied fuzzy equivalence relations and fuzzy congruence relations under a generalized
setting.

In1986 Atnassov [ 4 ] introduced the concept of intuitionistic fuzzy sets which are
very effective to deal with vagueness. Later many researchers applied this notion to
relations, group theory, ring theory and lattice theory. Recently Hur and his colleagues
[7,8] studied intuitionistic fuzzy equivalence relation and intuitionistic fuzzy congruence
relation and its properties in lattice theory and group theory. In the studies of intuitionistic
fuzzy equivalence relations, the authors are restricted their study by defining intuitionistic

fuzzy reflexivity as R(z,z)=(1,0) vVzeS.
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But in [2] N Ajmal & KV Thomas given a different definition of fuzzy reflexivity

by defining u(z,z)=t, where t=sup (X, y) when R is an equivalence relation. As a
R x,yeX R

continuation of this work in paper [12] we defined the reflexivity of an intuitionistic fuzzy

relation RasR (z,z) = (t, k) Vze X wheret =sup u(x,y) and k= infx K(x, y)
X,ye

x,yeX R
In this paper a more generalized version of intuitionistic fuzzy reflexivity called G-
reflexive intuitionistic fuzzy relations are defined ,and intuitionistic fuzzy equivalence
relations and intuitionistic fuzzy congruence relations under this generalized setting is
studied. Also proved that the set of all intuitionistic fuzzy G-congruence relations on a
lattice L forms a lattice, and also we study the modularity of a special class of this lattice.

2. Preliminaries

Here we recall some basic definitions related to intuitionistic fuzzy sets and relations,
which will be used in the sequel. For details, refer to [4, 8]. Throughout this paper L
stands for a lattice (L, v, A).

Definition 2.1. Let X be a non-empty set. An intuitionistic fuzzy set [IFS] A of X isan
object of the following form A= {£x, pa(X) ,va(X) >| xe X } where pa: X — [01] and
va: X — [01] define the degree of membership and the degree of non membership of the

element x € X respectively,and vV x € X ,OS,u(X)+\/:(X)) <1.
A
Definition 2.2. If A={<X,/J(X),K(X)>/X€ X} and B :{<x,,u(x),1é(x)>IXG X} are any two
A B

IFS of X, then

(1) AcB< u(x) < u(x) and K(X) le/(x) V xe X
(i) A=B o u(x)=u(x) and v (x) =v (x)

(i) A = {<x, v (), u()>/xeX }

(iv) AC=:{x,y°(x),vA°(x)>IXE X}, where £°(x) =1- u(x) and vA°(x) =1- K(X)’

(V) AM B = {< x,min{u(X), 1(X)}, max{K(x),g(x)}> Ixe X}
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= {<x 1 (9, v (X)>/xe X}

(Vi)AU B ={< x, max{u(x), u(x)}, min{K(x), g(x)} >/xe X}

={<x 1 (X), v (X)>IxeX}
A UB A LB
Definition 2.3. Let L be a lattice and A = {(x,,u(x),K(x»/x e L} be an IFS of L. Then A
A

is called an intuitionistic fuzzy sublattice (IFL) of L if the following conditions are

satisfied .

() /:(Xv y) > min {il(x),//f(Y)}
(i) ;At(XA y) > min {;At(X).;At(y)}
(iii) v(xvy) < max {v(x),v(y)}

(iv) v(xay) < max{v(x),v(y)}, VXxyel

Definition 2.4. Let X be a set. Then a mapping R=(ur, vg) :XxX — Ix| where 1=[0,1] is

called an intuitionistic fuzzy relation (IFR) on Xif 0< (X, y)+1R/(x, y) <1 for each
R

(x,y)e XxX .That is RelIFS( Xx X).

We denote the set of all IFR’s on X by IFR(X).

Definition 2.5. Let Re IFR(X). Then the inverse of R denoted as R™is defined by
R(x,y) =R(y,X) ,V (X,y) € XxX.

Definition 2.6. If R, Q € IFR(X) Then their composition Q - R is defined as

QgR(X, y) = Sup[min{x(x,2), u1(z, y)}]

zeX Q

J (% y) = Inf[maxy (x, 2),v(z, y)} T

zeX
Definition 2.7. Let Re IFR(X).Then R is called an intuitionistic fuzzy equivalence relation
on X if it satisfies the following properties.

(1) R is reflexive, i.e. R(X,x)=(1,0) for any xe X

(2) R is symmetric, i.e. R'=R

(3) Ris transitive, i.e. Ro-RcR
The set of all intuitionistic fuzzy equivalence relation on X is denoted as IFE(X).
Definition 2.8. Let Re IFR(X).Then R is called (t, k) equivalence relation if
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()R is (t,k) reflexive,i e R(x,x) = (t, k) wheret = sup u(x,y) and k= ian K(X’ y).
X,ye

x,yeX R
(2) R is symmetric, i.e. R*=R
(3) Ris transitive, i.,e. RoeRcR.

3. Intuitionistic fuzzy G- equivalence relations
In this section, firstly we modify the present definitions of intuitionistic fuzzy

equivalence relation and given a more generalized version, refer to it as intuitionistic fuzzy
G-equivalence relation, where G stands for generalized version. Clearly the first two
definitions are particular cases of the present one. We also study some properties of these
relations under the composition of IFR’s.
Definition 3.1. An IFR P on a set S is G-reflexive if for all x=y in S

Q). ff(x’ X)>0 g(x, x) <1

2 'ff(x’ y) <6(P) where o(P)= itQI éz(t,t)

3) 1;(x, y) > A(P) where A(P) ZS;LEJSPlI{(t,t)
A G-reflexive, transitive IFR on S is called G-preorder on S.and symmetric G-preorder on
S is called G-equivalence on S.
Theorem 3.2. If P and Q are G-reflexive IFR on S then
(@ P-Q(xx)=PNQ(Xx),vxeS
(b) If Pisa G-preorder on S then PoP=P.
Proof:(a).Let xe S. Then

Fég(x, X) = Sup[min{u(x, z), ;Qz(z, X)}H

zeS P
=min{u(x, X), 1(X, x)},since P and Q are G-reflexive
P Q
= u (X, X) vXxeS
PNQ

and

P‘o/Q(X’ X) = Inf [max{v(x, 2), g(Z, X)}

zeS

=max{y(x x),g(x, X)}, since P and Q are G-reflexive
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= X, X vxeS
o) VX

Hence P-Q=PNQ.
(b) By transitivity we have Po-P P
On the other hand , for x, y €S, we have

(% y) = Sup[mindu(x,2), iz, y)3 = min{u(x, x), u(x, y)} = p(x.y)

zeS P

and

¥ (%) = Inf[max{(x,2), v (2 V)M < maxi (69,6 Y0} = v(x,Y)

Thus PcPoP.Consequently PoP =P.
Theorem 3.3. If P and Q are G-equivalence IFR’s on S then so is P Q.

Proof: Since Pand Q are G-reflexive and symmetric P() Q, is also G-reflexive and
symmetric.

Now, for any X,y €S, we have

(X, y) =min{u(x,y), u(x, y)}
PNQ P Q

> min{sup min{u(x,t), /;z(t, y)}, sup min{ u(x,r), él(r, Y)}}

teS P reS Q

= sup{sup(min{min{ u(x, t), /Pl(t, )} mi”{él(X, r), él(l’, y)Ih}

teS reS P

= sup(min{min{z(x.1), (t, y)}, min{g(x,t), ét(t, y)3h

teS P

= sup(min{min{x(x,1), g(xyt)}, min{x(ty), él(t, )i

teS P

teS

=sup min{P/ﬂlq(X,t), pﬁq(t’ y)}

= u  (xy)
(PNQ)=(PNQ)

pKQ(X’ y) =max{y(x, y), g(x, )}
< max{inf max{y(x, ), v (t, y)hinf max{y(x, ), v(r, y)}}
= Inf{inf (max{max{y (x, 1),y (t, y)}, max{y (x, ). v(r. )} 1)}
< inf(max{max{v(x,1),v(t, y)}, max{g(x,t), g(t, 1))
= itrg (max{max{g(x, t), g(x, )}, max{lg(t, y), g(t, i)
=inf max{Pim/Q(X, t), PKQ('[, )}

(X Y)

= v
(PNQ)=(PNQ)
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Hence (PM1Q) < (PNQ) =(PNQ).

Thus (P Q) is transitive on S.
Result 3.4. The following example shows if Pand Q are G-reflexive intuitionistic fuzzy
relationson S then P-Q may not be G-reflexive.
Let S={a,b}.Define intuitionistic fuzzy relations Pand Q as
P(a, a)=(1/2,1/2) P(b,b)=(1/3,1/4) P(a,b)= (1/4,3/4) P(b, a)=(1/5,3/5)
and
Q(a, 2)=(1/2,1/3) Q(b,b)=(1/2,1/2) Q(a, b)=(1/2,1/2) Q(b,a) =(1/4,3/4)
It can easily verify that P and Q are G- reflexive
But u«(a,b) =1/2 > u(b,b)=1/3

P-Q PoQ

Hence P - Q is not G-reflexive on S.

Theorem 3.5. Let P and Q be G-reflexive intuitionistic fuzzy relations on S such that
max{/;(x, ¥), ét(x, y)}=min{5(P), 5(Q)}and min{y(x, y), y(x, y)}= max{A(P), (Q)},

VX#Yyin S.Then PoQ is G-reflexive on S with 6(P-Q) =min{5(P),5(Q)}.
Proof: Firstly note that
O(P-Q)=Inf u(x,Xx)

xeS PoQ

= Inf [min{u(x, X), (X, X)}] [By Theorem3.2 P-Q(x, x) =P Q(X, X)]
Q

XeS P

= min{Inf u(x,x), Inf u(x,Xx)}

xeS P xeS Q

=min{6(P),6(Q)}
and
A(P-Q)=sup P\:Q(x, X)

xeS

=sup [max{g(x,x),g(x,X)}]

xeS

= max{sup\;(x, x),supg(x, X)}

xeS xeS

=max{A(P), 4(Q)}

Since P and Q are G- reflexive, Vxe$S

(%, X) =min{u(X, X), 1(x,x)}>0
P-Q P Q

and 1)
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P‘O/Q(X’ X) = max{ng(x, X), g(x, X)}<1

Letx=yeS. If x=tandt=y, then
min{u(x,t), x(t, y)}<min{o(P), 5(Q)} since Pand Q are G-reflexive.
P Q

On the other hand, if x = t,then
minz(x, x), g(x, y)}< g(x, y) < max{u(x,y), ét(x, )}
<min{o(P),o(Q)} (By the given hypothesis)
and if y = t, then
min{u(x. ), ét(y, Y)}< p(xy) < max (X, y), g(x, y)}<min{6(P),56(Q)}

Therefore
P{g(x, y) <min{6(P),5(Q)}=6(P-Q) . (2)

Next, letx=yeS. If x=tand t=y Then we have
max{y (x,1), v(t, y)} = max{A(P), A(Q)}

Also,for x = t we have
max{y (x, X),¥(x, y)} = v(x,y) = mindy (X, y), y(x, y)}
>max{A(P), 4(Q)} (By given hypothesis)
And y =t we have
max{y (x, y).¥(y, )} = v(x y) = minfy(x, y), v(x, y)} = max{A(P), A(Q)}
Therefore
v (% y) = max{A(P), A(Q)} = A(P-Q) ©)

Hence from (1), (2) and (3) P> Q is G-reflexive.
Corollary 3.6. If Pand Q are G-reflexive intuitionistic fuzzy relations on S with
o(P)=6(Q) and A(P)=A(Q) then P-Q is G-reflexive with

6(P-Q)=46(P)=4(Q) and A(P-Q) = A(P) = A(Q)

4. Intuitionistic fuzzy G-congruence relations on a lattice

Here we study intuitionistic fuzzy congruence relations on a lattice L under the

generalized setting which we call as intuitionistic fuzzy G-congruence relation. At the end
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of this section we prove that the set of all G-congruence relations on L forms a lattice, and
we study the modularity of a special class of this lattice.
Definition 4.1. An intuitionistic fuzzy G-equivalence relation P on L is called a G-ongruence
relation if it satisfies the following compatibility relations.

/PJ(X, y) /\;PJ(Z,t) < ,Lpt(Xv z,yvt)

,'th(x, y) /\,t:(Z,t) < ,ILDI(X AZ,Y At)

‘F{(x, y)vg(z,t) > !;(XV z,yvt)

‘F{(x, y)vg(z,t)Z!;(X/\Z,y/\t) v Xy,ztelL

Example 4.2.Consider lattice L ={1,2,5,10}under divisibility. We define an IFR P on L
by,
P(x,y) = (1/4, 3/4) (if x zy) P(1,1) =(1,0),P(2,2)= (5,5) =(1/3,3/5),and P(10,10)=(1/2,1/2).1t
can easily verify that P is a G-congruence relation on L.
Theorem 4.3. If Pand Q are G-congruence intuitionistic fuzzy relations on L then P(1 Q is a
G-congruence relation on L.
Proof:FromTheorem3.2,P(1Q is G-equivalence relation on L.We show that it is

compatible. For this ,let x,y,z,t eL,Then
u(xvz,yvt)=min{u(xvz,yvt), u(xvz,yvt)}
Q

PAQ P

> min{min{,tpz(x, y), ,g(z,t)}, min{g(x, y), ,g(z,t)}},

Since P and Q are congruence relations

= min{min{,g(x, y), éz(x, y)}, min{;Pz(z,t), éz(z,t)}}

=min{ u (x,y), u (z,0)}
PAQ PMQ

Similarly
u (XAZ,yat)yzmin{ u (X, y), u (z,0)}
PNQ PNQ PNQ
Also,we have
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PKQ(XV Z,yvt)= max{g(XV z, yvt),g(xv z,yvi)}
< max{max{y(x, y).v(z. )} max{y(x, y).v(z,)}}
= max{max{y (x, y), v(x, )} max{y (z.t),v(z,)}}

= maX{P‘r:Q(X’ y)! PKQ(Z’t)}

Similarly
Yoxazyasmax{y (xy), v (2.0}
Hence P(1 Q is a G- congruence relation on L.
Theorem 4.4. Let P and Q be G-congruence relations on the lattice L suchthatP-Q=Q-P
and S6(P)=46(Q) and A(P)=4(Q). Then P-Q is also a G-congruence on L with
6(P-Q)=46(P)=05(Q)and A(P-Q)=4(P)=4(Q)

Proof:Wehave P~ Q is G-reflexive
withs(P-Q) =6(P) =6(Q)and A(P-Q) = A(P) = A(Q) (By corrollary3.5)
Next, we have

H (X, y) = Sup [min{u(x,2), él(z, y)}]

zeb P

=Sup [min{u(z,x), u(y,2)}] , since Pand Q are symmetric.
Q

zeL P

=Sup [min{u(y, Z)./PJ(Z, X)}1]

zel Q

= u(y,%)
Q-P

= u(y,x), sinceP-Q=Q-P
P-Q

Similarly
= Inf
(6 y)=Inf [maxfy(x,2),1(z, )}

= Inf [max{‘;(z, x),g(y, 2)}], since Pand Q are symmetric.

zel

= Inf [max{y(y, 2),v(z,)}]

zeb

= Qgp(y, X)
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= PvQ(y, X) since PoQ=Q-P

Hence P - Q is symmetric.

Since intuitionistic fuzzy relations satisfy associative property, we have
(PoQ)e(P-Q)=Po(QoP)e Q= Po(PoQ)e Q=(PoP)(Q-Q) = P~ Q

Hence P~ Q is transitive

Finally we prove that P - Q is compatible.

Let x,y,z,t eL,Then
,u (Xvy,zvt)=sup [mln{,u(XV Y, k), ,u(k zvi)}

kel

>sup[sup[m|n{y(XV Y,rvs), y(rvs zvi)}]

reL seL

>sup[sup[m|n{m|n[y(x r), y(y )], mm[y(r 2), ,u(S t)]1}1] ,since P & Q are compactible

reL seL

= sup[sup[min{min[ z«(x, ), ﬂ(r 2)1 min[4(y. s), ,U(S D1}]

reL seL

= mingsup(minf«(x, ), ﬂ(r 2)1).sup(minfx(y, s), ﬂ(S oh}

relL
=min{ u (x,2), x(y,1)}
P-Q PoQ
Similarly ,we get
1 (XAyzat) 2z min{u(xz), p(y,t)}
PoQ P-Q PQ
Also, we have

P\:Q(x vy, zvt)= ikmz [max{n;(x v Y, k), g(k, zvi)}

|rmE[|Sm: [max{v(x VY, rvs), v(r vs,zvi)}H]

< mf[lnf [max{max[v(x r), v(y )], max[v(r 2), v(s t)]3}1] ,since P & Q are compatible.

seL

-mf[lnf[max{max[v(x r), v(r 2)], max[v(y s), v(s D131

selL

=max{Inf (max[v(x r), v(r 2))), |nf (max[v(y, S), v(s 13]));

reL
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=max{y (x.2), v (¥,)}
Similarly, we can obtain

PI:Q XAY,ZAL) < max{FL/Q(x, 2), P10/Q(y, )}
Hence P- Q is a G-congruence relation on L
Theorem 4.5. If P and Q are intuitionistic fuzzy G-congruence relations on L such that,
0(P)=6(Q),A(P)=A(Q) and their composition Po Q is also an intuitionistic fuzzy
G-congruence relation on L, Then Po Q=P v Q where Pv Q is the least upper bound for
P, Q with respest to intuitionistic fuzzy set inclusion.

Proof.

For any a,beL, we have
“ (a,b) = Sup[min{x(a, z), g(z, b)}]

zelL P

> min{u(a, b) A p(b, b)}
P Q
= u(a,b) , since u(a,b) < 6(P)=6(Q) < u(b,b)
P P Q
Similarly, we have u (a,b) > u(a,b)
P-Q Q

Also
A (a,b) = Inf [max{lF/,(a, 2), g(z, b)}

zeL

< max{ng(a, b),g(b, b)}
= g(a, b) ,since g(a, b) > A(P)=4(Q) > g(b, b)
Smilarly,we get P\:Q(a, b) < g(a, b)

HenceP -Q > PandP -Q 2 Q
Now let R be an intuitionistic fuzzy G-congruence relation on L suchthat Ro> Pand R ©Q

Then for any a,be L we have

FI’LolQ (a,b) = Sup[min{u(a, 2), ;Qz(z, b)}

zeL P

< Sup[min{u(a, z), u(z,b)}]

zelL R
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= wu(ab)
RoR
<u(a,b) ,sinceRe R c R
R

and
P\:Q(a, b) = Inf [max{g(a, z), g(z, b)}

zeL

> Inf [max{y(a, 2),v(z,b)}]

zeL

- R‘jR(a1b)
Zg(a,b) ,sinceRe- Rc R

Hence Po Q< R. Thus we have Po Q is the least upper bound of P and Q
ThatisPo Q=P vQ.
Let us denote the class of all intuitionistic fuzzy G-congruence relations on L by IFGC(L) .

Then IIZC(L) forms a lattice under the operations Aand vwhere PAQ =PnQ and

P v Q is the intuitionistic fuzzy G-congruence relation generated by both P and Q.
Theorem 4.6. Let & any sublattice of ( IFGC(L) , <, M, V) such that 5(P) =6(Q), A(P)=A(Q)

and P-Q=Q-P for any P,Q € # Then & is a modular lattice.
Proof:Let P,Q,Res#suchthatP < R
Then we have to show that (Pv Q) Rc Pv(QNR)
Let X,y €S.Then
#o (xy)= wu (xy) sincePo Q=P vQ

(PvQ)AR (P-Q)"R
= min{SZUP[min{g(X, 2), ét(z, )}, ARt(X, )}

=sup[min{(x, 2), g(z, Y). (%, 2). (%, V)3

zelL P

< sup[mindu(x, 2), p(z, y), (%, 2), (X, y)}1 ,since PcR
Q R R

zel P

< sup[min{u(x, z), u(z,y), 1(z,y)}], since Re IFC(L)
Q R ¢

zel P
= u (XY)
Po(QNR)

Volume-2 | Issue-2 | February,2016 | Paper-2 22



I]RD@ IJRDO-Journal Of Mathematics ISSN: 2455-9210

= u (xy)

Pv(QAR)

and

Po Q=P
pk L6y = v (%) since Pe Q=P vQ

= mainf[max{y (x, 2), (. )} (% Y)}
=inflmaxdy(x, 2. vz Y v(x, 2, v(% Y}

> inf[maxy(x,2), (2, Y).y(x 2).v(4 Y}, since PR
> inflmaz{y(,2).y(2 ).v(@ )} | since Re IFC(L)

= (QHR)(X y)

(x,y)

Pv(QmR)

Hence Pv QQn R c Pv(QNR)
Thus #is modular sublattice of the lattice ( IIZC(L) SN, V) .
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